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PREFACE

The Eighth Symposium on Ballistic Missile and Space Technology was
held at the U.S. Naval Training Center, San Diego, California, on 16-18
It was sponsored by the Space Systems Division and the
Ballistic Missile Division of the Air Force Systems Command, and was
conducted by the Aerospace Corporation, El Segundo, California.

October 1963,
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VIII. Nuclear Explosion Environment and
Effectiveness of Nuclear Warheads

Volumes I and Il are unclassified; Volumes 1II through VII are classified
Secret; Volume VIII i8 clasgsified Secret-Restricted Data.

Requests for any one or all of the volumes, by agencies of the Department
of Defense, their contractors, and other government agencies, should be
directed to the:

Defense Documentation Center
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FINITE RATE PLASMA GENERATION IN THE LAMINAR AIR
BOUNDARY LAYER OF SLENDER REENTRY BODIES

F. G. Blottner
M. Lenard

Space Sciences Laboratory
Missile and Space Division
General Electric Company

Box 8555, Philadelphia 1, Pennsylvania

ABSTRACT

Numerical calculations of the chemically reacting laminar air boundary
layer equations are presented at several points along cone-shaped reentry
bodies at several flight conditions and different wall temperatures, These
results use a seven component, ten reaction model of air (N, O, NZ' 02,
NO, No*, 7). Thermodynamic and transport properties are completely
general and use the latest available information, Corresponding solutions
of the locally similar and non-similar boundary layer equations are com-
pared. The resulting electron densities are noted,

The work described in this paper was performed under Air Force Contract
No. AF 04(694)-222,
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BOUNDARY LAYER OF SLENDER REENTRY BODIES

F. G, Blottner and M. Lenard

Space Sciences Laboratory
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INTRODUCTION

Accurate determination of electron densities in the plasma sheath
surrounding reentry bodies is important for several reasons, The presence
=i electrons can interfere with the transmission of signals to and from the
vehicle; furthermore, electrons furnish one of the observables present in
the wake of reentry bodies, At high altiindes, the effect of finite reaction
rates on the amount of ionization can not be neglected,

Calculations of electron densities in the plasma sheath surrounding a
reentry vehicle are usually based on an accurate deacription of the inviscid
shock layer surrounding the vehicle, Viscous effects are neglected because
they are limited to a thin boundary layer near the surface of the vehicle,
which, due to its small size rclative to the shock layer thickness, can be
neglected as a significant source of electrons, Most of the energy is im-~
parted to the air by means of the shock and pressure forces rather than
surface friction or shear forces; this corresponds to a large pressure drag
and a comparatively small friction drag for the vehicle, the usual case for
blunt reentry bodies. For small tipped slender shapes, the situation is
different; much of the energy is imparted to the air by means of surface
friction, consequently, the boundary layer will be a very significant (if not
the only) source of high temperature air, Therefore, for slender reentry
shapes, it is necessary to calculate air boundary layer properties accurately,
based on a realistic model of high temperature air which accounts for the
principal ionized species., For the flight conditions corresponding to ballis-
tic reentry, it was found that a model including NO* as the only ionized
species is adequate, In order to account for the possibility of the absence of
chemical equilibrium, chemical changes must be accounted for by incorpora-




ting the chemical kinetics into the boundary layer equations. The seven
component-ten reaction model described by Bortner and Golden (1) is the
simplest realistic model that can account for the production of NO * ions; it
forms the basis of this study,

THE BOUNDARY LAYER EQUATIONS
The boundary layer equations for steady axially-symmetric flow of a

maulti-component reacting mixture have been stated in the literature several
times (2), (3); they are repeated below for reference.

Continuity:
3 pur dPvr
s + 5y =0 (1)
Momentum:
du du 3 3 du
pu-gx—"'p\r-g;—q"g%—v“v (2)
Energy:
n dh 2
aT AT i i&_ 3 T du
"’“rx*""s;;'i’f4°iﬁ"“dx‘wkry+“(ﬁ—)
n dh n
3T i '
P T gr T Wk (3)
izl i=1l
Species Conservation:
Bci Bci 3
Pu = + PV 5+ 55 (Pojqy) = W (4)

These are the principal differential equations, Additional differential equa-
tions are needed to relate the diffusional flux velocities of the species across
the boundary layer, qy,to the concentration gradients., Two alternate formu-
lations are given by Hirschfelder, Curtiss and Bird (4) as follows:

c, C,
1

M
m

3
. (qj - qi) = 3y MCi (5)

wn M8

j=1
j#1l




or, alternately;

n
¢;q, = T . D Mc. (6)

where the binary diffusion coefficients #, . in Eq,(5)are functions of tem-
perature only, but the mixture diffusion cdefficients D, in Eq. (6) depend
both on temperature and local concentrations and are a.létually calculated by
solving the system of n -1 independent Eqs. (5) for the q, - 8, The formula-
tion of the flux velocities of ionized species in a neutral “mixture is some-
what different from the above and will be subsequently discussed.

In addition to the above system of differential equations, which can be
thought of as representing equations for the principal variables v, u, T and
the n -1 independent c, =8, additional equations are available that relate
the thermodynamic properties, transport properties, and composition of the
mixture of each other; e.g,:

Equation of State:

-;— = '%11 = constant (7

Mixture Molecular Weight:

1 Y
w°F (8)
i=1 i

n
Z ¢ =1 (9)
Species Enthalpies:

h.1 = hi (T) (10)

The depel ience of species enthalpies on temperature is based on Langelo's
(5) work.



Chemical Mass Generation Rates:

w, = w (p, T, c) (11)
i i j

are based on an updated version of those given in (1). The chemical system
described in this reference is based on seven species (N, NZ’ 0, Oz, NO,
NO+, e” ) and ten reactions,

Transport properties of the mixture are calculated by means of Wilke's
semi-empirical formula [e.g. (_63) J. The temperature dependence of the
species viscosities and binary diffusion coefficients is based on unpublished
work by Baulknight (7) and on results published by Yun, Weissman, and
Mason (8), (9). Forthe details of the kinetic system, thermodynamic and
transport properties, the reader is referred to (10).

The diffusion coefficients for clectrons need not be calculated separately,
because under all conditions of practical interest the Debye shielding length
in the ionized air will be so small that the gas will be electrically neutral at
every point, implying simultaneous diffusion of ions and electrons. This
simultaneous diffusion of the combined ion-electron species can be calcu-
lated bya method suggestedby K. T, Yen and confirmed by C, Curtiss, as
follows, Let there be a separation between the ions and electrons on a
microscopic 8cale, so that a lbcal electric field is created in the flowing
ionized gas, For the ions and electrons, Eq, (5) is then modified to include
the effect of an electrostatic body force caused by this local microscopic
electric field:

n
M NO NO NO
z m,m,. .+ . (a -qNO+)~ Bme -sm
j=1 j NO ] NO NO
j#No* NO™ j
(12)
- 2 c c c c
z M e” 7j 3 e- e-
- = [
j=1 m m - s (qj qe") 5me - * m _
j?fe' j e e” j e e

where the body force € has the same magaitude but the opposite sign for the
iuns and electrons.




Since in a neutral plasma

- 7 Ino*

c c (13)
e~ _ °“NoT

M- “'No*t

Eqs. (12) can be added to eliminate the body force term;

M2
— C
m,

™5

+ +c,lq, -q.. 4}
. No I A Y 3y

j=1
j#No™T
(4]

where thie equation describes the diffusion of the combined NO+ - e ion-
electron species in the mixture, The additional assertion can now be made
that the mobility of the electrons is much larger than that of the ions or
neutrals, so that

8 _.>> 8., {15)

for all i and j, Terms of the order S../ﬂe_ . can then be neglected in the
equations so that the final expressions for°tie interdiffusion of the various
neutral species and the combined ion-electron species become;

n 2 c.c
M° i 3 . +
j#i,e”
(16)
n 2 ¢ +c
M NO ™ °j 3
- - =2
jfl m (9 - dpot) =2 35 Moyt
. + - NO™ j
jENOT, e

which is a generalization of the ambipolar diffusion in a neutral-ion-electron
mixture, Egs. (16) replace (5); correspondingly, En, (6) is modified by
solving for the n -~ 2 independent qi - s from Eq., (16).




BOUNDARY CONDITIONS

Eqgs, (1) through (4), (7) through (11), and (16) represent the system of
equations that have to be sclved for the seven component model of air under
consideration. Boundary conditions for the equations are furnished by speci-
fying conditions at the wall and in the external (inviscid) flow,

At the wall (y = 0);

u(x, 0) =v(x, 0) =0
(17)
T(x, o) = Tw(x)

In addition to Eq, (17), boundary conditions on concentrations ¢, must also

be stated at the wall, At a wall where there is no mass injection two types

of boundary conditions are usually considered, On a wall that is not catalytic,
there are no surface reactions, therefore there can be no flux of species to
and from the wall, Thus,

qi(x, 0) = 0 (18)
for all i, which implies that

d¢c,
i

=0 (19)
By y=0

at y = 0, A catalytic wall can cause sudden changes in composition due to
surface reactions; usually the assumption is made that the mixture is at
chemical equilibrium at the local (wall) temperature, This can be denoted
by:

eilx, 0) = ¢y (T \p, ) (20)

where the above expression indicates that in order to determine the chemical
equilibrium concentrations of the various species, it is necessary to know in
addition to temperature and pressure the mass fractions of the chemical ele-
ments (denoted by superscript j) that comprise the reacting mixture. Due to
the interdiffusion of the various species, the rnass fraction of the various
elements in the boundary layers cannot be known a priori, not even if in-
stantaneous local chemical equilibrium can be assumed everywhere, In
order to show this, one may relate the mass iraction of the j-th element in
the mixture to the mass fractions of the n species by
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. n .
d = T B al . (21)
- m. 1

where O!g is the number of atoms of element j in the i-th species, and the m

are the respective molecular (or atomic) weights, Since elements are con-
served in a chemical reaction, i.e.:

2 mj j

T -t w, =0 ) (22)
. m, i i

i=] i

an equation for the conservation of elements can be written by utilizing Eqgs.
(20), (21), in conjunction with Eq, (4);

P 2! + ) b og —mj o’ =0 (23)
i A T Ll T Y

Eq. (23) above indicates that in general, the mass fraction of the elements

in the boundary layer will change irrespective of what the reaction rates are,
In particular then, the mass fraction of the elements will not be known at the
wall, which implies that additional information is necessary to define the
boundary conditions for species concentrations at a catalytic wall, If the n
species are made up of m elements, then there will be only n-m independent
boundary conditions of the type shown in Kq, (20) (one less if e” is one of the
species and a neutral plasma is specified). To obtain the m =~ 1 additional
boundary conditions necessary at the wall, the conservation of elements in
the surface reactions that are implied by the catalytic wall must be stated;

i
el g (x,0) ¢ (x,0) =0 (24)
1 I'!'l.i 1 1 1

"y R

i

where there are m -] independent boundary conditions of the type shown in
Eq. (24), corresponding to the m - 1 independent elemental concentrations,
for the present seven component mixture under consideration, over-all
1.1a88 conservation (Eq. 9) and charge conservation leave essentially five
independent species conservation Eq. (4) to be considered. The mixture
contains two elements, O and N, the concentration of one of which ie in-~
dependent, Thus, there will be four boundary conditions of the type shown
in Eq. (20) available; the four species must include at least, but not more
than, one charged species and at least one species which is comprised of
pure N and pure O each, In addition, one boundary condition of the type
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shown in Eq. (24) is available to relate the slopes of the concentration pro-
files at the wall,

Far from the wall the boundary layer solution must merge into the ex-
ternal inviscid flow, which is specified, This implies that as

(25)

Corresponding to the seven boundary conditions shown in (25) there will be
seven unknown boundary values of the appropriate variables at the wall,
which can be determined only by solving the boundary layer equations, Ina
numerical computation scheme, an iteration on these seven unknowns has to
be performed in order to integrate the equations and obtain the proper solu-
tions that satisfy boundary conditions (25}, Two of the seven unknown
boundary values are; -

du
By
y=0 (26)
le
.S;'- y=0

For a wall that is not catalytic, the additional unknown boundary values are;
c.(x, 0) (27)

which corresponds to Eq. (18) and (19), For a catalytic wall, the unknown
quantities are;

cN(x, 0) or co (x, 0)
(28)
q.l(x, 0)

where the four species i in Eq. (28) correspond to the four species for which
boundary conditions are specified by Eq, (20).
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TRANSFORMATION OF THE EQUATIONS

Solution of the foregoing system of partial differential equations can be
greatly simplified if the independent variables are transformed in accord-
ance with the combined Mangler and Howarth-Dorodnytsin transformations

(ef. (2), (3), (11);

2
£ -J; Dw Mw u,r dx (29)

If, in addition, the velocity is expressed as

u=u %;— (30)

the continuity Eq. (1) can be used to express v in terms of f, and the re-
maining differential equations can be written in terms of the new variables
m and £. The present development is essentially the same as that of (2),
except for the more exact formulation of the species flux velocities [Eqs,
(16), (5) and {6) ]. The final form of the transformed boundary layer equa-

tions becomes:
Momentum:
2
2 (2%, 2% % () |2 a2 o’ o %
R N/ e A A B T S e
(31)

i

7 3 h
()
=1 1'5? he

; ﬁw‘ fi_ > uL £ o +
" du_ h h o
i=1 0= e e n
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7 dh,
T C. e
3 . i dT 2h 7 de. h, o)
+B% ;I‘_ i=1 + e 5 ie ie _ e _
o [T, ; dhie Buzi-.-l i he P
(=1 i dT
- (32)
P ;qlcdhi_u_ic Mb(f;_)_
h P_H_ n 1=1ny i dT (o S SE b,
a2 hl)
ST on by
where
u 7 dh.1
Pr = -k— E cl -d? (33)
izl
4 = —E-—p
0 u
w " w

and where the flux velocities are determinea from a transformation of Egs,

(16);

n 2 «c,c, q, - q,
3
z Mo .. Mc, for i #NOT
i=1 M5 Py My noo
j#i,e
(34)
b M2 SNo* ¢ 9 T Inot 3
=1 m n =2 Y| M CNo+
JéNo+ - A . y
) ;e NO j

Noting first that in accordance with transformations (29);

1 o) 1 d
—— f T —— —— Pf
ny g‘ﬁ" ﬂy (n) 5 31 (n

for any function f () of 1, the species conservation equations can finally be
written;
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faci 1 3 pzc 4 . B PN (_‘”_1)
an P HE, on iny du Pn i \P /[,

ar 2% ar %% 3 Si 0 %%

T T W W og, 3T

(35)

The pressure gradient parameter, B, that appears in the above equation is .
defined by: :
du du 1

g= 28 __c . 24 e (36) :

v, T T L & 'i
W W e i

Auxiliary Eqs. (7) through (11) are not affected by the transformations; the
boundary conditions are likewise unaffected, except for the velocities at the
wall, instead of Eq. (17) the boundary conditions are:

of

f(&0) = = 0 (37)
W n=0

T(£0) = TW(E)

The boundary conditions at the wall for the concentrations are unchanged
from those specified by either Eq, (19) (non-catalytic surface) or Eqs. (20)
and (24) {catalytic surface), Far from the wall, boundary conditions shown
in Eq., (25) are equivalent to

n-e

of
N =1 (38)

T(E,7n) "Te(i)
ci(E.n) ~c, (&)

1e

The terms that appear on the right hand sides of the foregoing system
of seven simultaneous differential equations are the so called 'non-gimilar"
terms, At the stagnation point these non-similar terms vanish and the
partial differential equations simplify to ordinary ones. Fay and Ridell (2)
have pointed out that these terms can sometimes be neglected as an approxi-
mation based on physical considerations other than the rigorously justifiable
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stagnation point case, This approximation results in the so called '"locally
similar' solutions, which can always be justified a posteriori, provided the
profile shapes change slowly., The role that local similarity and non-
similarity play in numerical solutions of the foregoing problem will be dis~
cussed in subsequent sections,

NUMERICAL RESULTS

Numerical calculations to solve the foregoing system of boundary layer
equations have been peformed by two entirely distinct methods, One method
adapts the complete system of partial differential equations to an implicit
finite difference calculation scheme. An initial boundary layer profile is
specified and the successive development of the boundary layer flow is
determined by proceeding in finite steps along the wall, calculating con-
secutive profiles at each point, This procedure is similar to the one
described in Blottner's earlier work (12) for a binary mixture., The other
method makes the assumption of local—s_i-milarity and computes the results
at a certain specified point along the body, To solve the resulting system
of seven ordinary differential equations, seven unknown boundary conditions
at the wall are agssumed and a numerical integration performed to the edge
of the boundary layer. There the results are compared with the seven re-
quired boundary conditions, and then an iteration procedure performed on
the seven assumed wall boundary conditions, repeating the integration a
sufficient number of times to reach agreement with the edge boundary con-
ditions to the required accuracy. (This type of procedure is described in
detail in Appendix B of (13).)

The results of these calculations, which are all based on a fully catalytic
wall agsumption, are shown in Figs, 1 through 13 and Table 1, The prin-
cipal example that was considered was that of a 10° half angle pointed cone
at 22,000 fps speed and 150, 000 ft, altitude., Ramifications of possible
boundary layer-inviscid flow interactions were not considered; the inviscid
flow was assumed to be at chemical equilibrium. (Due to the low tem-
peratures the thermo-chemical model assumed for the inviscid flow is
inmaterial.) The surface speed, pressure and temperature are 21,590 fps,

. 02756 atm., and 1061°K respectively, The wall temperature was assumed
to be 1000°K,

The variation of temperature in the boundary layer is shown in Fig, 1,
These profiles are substantially the same from the tip to 10 ft. downstream
from the tip for both the locally similar and non-similar solutions, This 13
in contrast with the profile based on chemical equilibrium where the peak
temperatures have been greatly reduced, Fig., 2 which shows the variation
of maximum temperature along the body indicates that for the conditions
that were considered it would take a distance much longer than 10 ft, to
approach chemical equilibrium in the boundary layer. The approximation cf
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local similarity appears to result in an increased rate of adjustment towards
equilibrium along the body. These conclusions are even more apparent
from the composition profiles for the species O, N, NO and the electron
densities, (Fig, 3 - 6) and the corresponding variation of the respective
maxima along the body (Fig., 7 - 10), Atomic oxygen is the principal new
species in the boundary layer due to the relative ease of oxygen dissociation.
Atomic nitrogen is a comparatively minor species but it is important be-
cause of its role in the generation of nitric oxide ions and electrons., Both
the profiles (Fig., 4) and the variation of maximum along the body (Fig, 8)
clearly indicate that there is an "'overshoot' in the concentration of tnis
important species as compared to the equilibrium value. The reason for
this is the higher temperature in the non-equilibrium boundary layer as
compared to the equilibrium case, and the comparative ease with which the
so called '"shuffle" reactions are able to produce nitrogen atoms, provided
sufficient amounts of atomic oxygen and nitric oxide are present. Such
"overshoot! phenomena have been observed inthe relaxation processes be-
hind hypersonic shocks in inviscid flow; they arise {rom the non-linearities
of coupled fluid mechanic and complicated chemical kinetic systems, No
such '"overshoot' phenomena are exhibited by the nitric oxide concentrations
{(Fig. 5 and 9) and the electron densities (Fig. 6 and 10) in the boundary
layer. However, the possibility of an electron density '"overshoot' occur-
ring for longer bodies or at different flight conditions cannot be ruled out,
particularly because such excess electron densities have been predicted
behind shocks in inviscid flow (14). This is significant because it indicates
that under some circumstances the electron densities in the non-equilibrium
boundary layer can exceed the corresponding equilibrium values.

Fig. 6 also shows an electron density profile calculated by an approxi-
mation which appears reasonable; the two-body nitric oxide ionizing reaction
was assumed to be at instantaneous equilibrium in conjunction with the
locally similar chemical non-equilibrium solution, The resulting prediction
wasg three orders of magnitude too large, indicating that care must be
exercised when attempting to simplify complicated chemistry in this prob-
lem, (This is in contrast with heat transfer rate calculations where the
simplifications of separate decoupled oxygen and nitrogen dissociation re-
actions, or even the binary atom-molecule fluid assumption have resulted
in adequate predictions),

Further insight into the complexities of the reacting air boundary layer
can be gained from Figs, 11 through 13, Due to the complex transport
properties which govern the interdiffusion of the various reacting species,
there will be a variation in the total oxygen content of the boundary layer,
as shown in Fig, 11. Fig. 12 shows that the production of electrons occurs
mainly in the narrow high temperature region near the wall from where
diffusion towards the wall and free stream take place. The sensitivity of the
resulting electron densities to the ionizing rate constants and the ambipolar
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diffusivities is shown in Fig, 13 where the effect of a 1, 5-fold increase in
ionizing rates and a halving of the ambipolar diffusivities is demonstrated,

Table { shows the effects of changing wall temperature and altitude for
this problem as it effects the principal properties of the resulting non-

equilibrium air boundary layer,

As expected, a rise in wall temperature

increases the chemical activity in the boundary layer whereas an increased
altitude diminishes it greatly.

Table 1. Locally Similar Boundary Layer Properties on 10° Cone

Altitude, fE_

P , atmospheres
e

at 22,000 fps 1,5 ft, Downstream from Tip

150, 000 150, 000

0. 02756 0, 02756

21,590 21,590

1061 1061

1000 1050

4580 4604

1,38 x 1072 2,00 x 107

3,18 x 10°° 3,52 x 10°°

e et 4,02 < 107

7.74 x 105 9.30x105
ACKNOW LEDGMENTS

200, 000

0. 0046706
21,590
1041.5
1000

4570

0,328 x 10'3

0.378 x 1078
-4
U, 549 x LU

0.510 x 103

The numerical results presented here are partly due to the efforts of
Dr, James Jewell who designed one of the computer programs, and
particularly to the efforts of Mr, Edward Meyer of CEIR Inc. who did the
programming and performed the actual computations, thereby furnishing
the key ingredient to obtain these numerically difficult results,
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NOMENCLATURE
Mass fraction of i-th species
Mass fraction of i-th element
Mixture diffusion coefficient
Binary diffusion coefficient
Body force due to microscopic electric field
Non=dimensional stream function (Equation 30)
Mixture enthalpy
Species enthalpy
Mixture (frozen) heat conductivity
Density-viscosity product (Equation 33)
Molecular weight of i-th species
Molecular weight mixture
Numer of species in mixture
Pressure
(Frozen) Prandtl numer (Equation 33)
Diffusional flux velocity of i-th species
Radial coordinate of axi-symmetric surface
Universal gas constant
Absclute temperature

Parallel and normal velocities in boundary layer
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eq

i, 3,0

i,j§,0

Chemical mass generate rate of.i-th species
Parallel and normal coordinates in boundary layer
Number of atoms of element j in species i
Pressure gradient parameter (Equation 36)

Transformed parallel and normal coordinates in boundary layer
(Equation 29)

Viscosity
Density

SUBSCRIPTS
At the outer edge of the houndary layver
In chemical equilibrium
Refers to species (i~th, j-th,O, etc,)
Wall

SUPERSCRIPT

Refers to element (i-th, j-th, O, etc.)
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EFFECTS OF NONEQUILIBRIUM ON THE HYPERSONIC
LAMINAR BOUNDARY LAYER

P, DeRienzo*
F. Berner#%
A. D. Wood*
J. D. Teare¥x*

%Avco Research and Advanced Development Division
Wilmington, Massachusetts

#»¥Avco-Everett Research Laboratory
Everett, Massachusetts

ABSTRACT

An approximate method is formulated for the determination of the non-
equilibrium compressible laminar boundary layer, both with and without the
restriction of vibrational equilibrium. The method involves solution of the
rate equations for species production and vibrational relaxation along 'effec-
tive'' particle paths determined from mass continuity considerations, The
velocity and enthalpy time histories along these paths are then specified
from the appropriate locally similar equilibrium or irozen boundary layer
analyses,

Application of the method is illustrated for the hypersonic laminar
boundary layer along a sharp cone. Results are compared with more exact
numerical solutions of the nonequilibrium boundary layer equations, and the
Vi irating: . (h€ appmewimate method are indicated,

Finally, the technique is used to determine the effects of altitude and
cone angle on the nonequilibrium boundary layer, together with the influence
of variations in the chemical rate constants and vibrational relaxation models.
The application of binary scaling is discussed,

The work described in this paper was perfcrmed under Air Force
Contracts No, AF (4{(694)-239 and AF 04(694)-33,
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EFFECTS OF NONEQUILIBRIUM ON THE HYPERSONIC
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P. DeRienzo*, F. Berner*¥, A, D. Wood* and J. D. Teare*

*Avco Research and Advanced Development Division
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*kAvco~-Everett Research Laboratory
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INTRODUCTION

Most of the gross characteristics of the flow field surrounding an object
entering a planetary atmosphere at hypersonic speed can be calculated with
sufficient precision to determine heat transfer rates and aerodynamic per-
formance. However, for many applications it is necessary to make detailed
estimates of the electrical and radiative properties of the gas in the flow field,
and in such cases it is frequently inadequate to assume thermodynamic equi-
librium. Considerable success has been obtained with the well-known stream-
tube method (1), (2) for inclusion of finite rate air chemistry into the aero-
thermodynamics of the inviscid flow field surrounding blunt bodies. The re-
sults obtained by this method have compared satisfactorily with mozre accurate
calculations of the subsonic nose region {3) and of the expanding flow region
downstream of the sonic line (4). -

Because of the presence of the strong normal shock associated with a
blunted nose, most of the electrons and radiating species are produced in
the hot gas of the inviscid region, so that the effect of chemical reactions
proceeding in the cooler boundary layer can frequently be neglected. For a
slender re-entry vehicle, however, precisely the opposite conditions apply.
The gas in the inviscid flow field is relatively cool, whereas the static enthalpy
in the boundary layer can increase to a significant fraction of the stagnation
enthalpy, leading to temperatures high enough to permit dissociation and ioni-
zation processes to occur.

The calculation of a hypersonic laminar boundary layer on a slender body
is a straightforward procedure when either equilibrium or frozen flow is as-
sumed (5), (6). Inclusion cf finite reaction rates and relaxation times, how-
ever, greatly complicates the calculation by introducing a time dependence
into the equation of state of the gas. While methods for the numerical solu-
tion of the exact nonequilibrium boundary layer equalions have recently been
published for both binary mixtures (7) and multi-component air (8), they are
generally quite complex.

The present paper discusses a simplified procedure which was originally
developed before these more exact techniques were available. It represents
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an adaptation of the streamtube method mentioned above, and is based on two
fundamental assumptions:

1. The enthalpy and velocity profiles calculated for a locally
similar -boundary layer under frozen or equilibrium con-
ditions are assumed to provide an adequate description of
the profiles in a chemically reacting boundary layer.

2. The effect of diffusion on the species concentrations is
assumed to be negligible compared with the chemical rates
of production.

On the basis of these assumptions it is possible by simple geometrical means
to locate the position of an "effective' path for a fluid element as it travels
through the inviscid region and becomes immersed in the boundary layer, For
such a path, n may then be determined as a function of &, where nand§ are the
boundary layer similarity variables (see Fig, 1), Knowing velocity and enthalpy
as functions of nfrom the self-similar boundary layer calculation, it is thus
possible to specify their time histories along the particle path. These histories
can then be used as input for the streamtube calculation procedure with finite
rate chemistry, For inviscid applications (1), such streamtube calculations
are usually made for a prescribed pressure variation, with constraints pro-
vided by a momentum equaticn and the conservation of energy. In the present
viscous case the pressure variation is determined from the calculation of the
inviscid flow field but the momentum equation is discarded with the static en-
thalpy history providing the only other constraint necessary, The velocity
serves to provide correlation between time and distance along the particle
path,

Using the streamtube program of Ref, 1, the above approach was adopted
independently at AERL and RAD. The respective authors were able to com-
pare results with each other, but until recently there was nc other standard
of comparison which would serve to test the validity of the assumptions made.
The considerable risk in ignoring diffusion processes was recognized, but it
was hoped that the method would provide some upper limit estimate on the
nitric oxide and electron concentrations which could be produced by the chem-
ical »eaetions.

The present paper provides comparisons between the streamtube method
and the multiple-strip integral method of Ref. 8. These comparisons show the
limitations of the streamtube method, and stress the imporiance of inclusion
of diffusion processes in any quantitative studies. The paper also points out
the areas in which the streamtube method could be useful, and stresses the
uncertainties inherent in any slender body boundaiy layer calculation due to
the uncertainties in the appropriate chemical model and in the rate constants
which should be used in this temperature regime.

DESCRIPTION OF METHOD

The basic assumptions stated in the previous section permit the de-
coupling of the chemistry from the boundary layer calculation. The validity
of the assumption thal the effect of diffusion is negligible can only be assessed
by comparison with results obtained from more accurate procedures.
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However, it is certainly reasonable to assume that the velocity and enthalpy
distributions (in terms of the usual boundary layer variable n) are relatively
insensitive to the chemical state of the gas in the boundary layer. This is
borne out by reference to Fig. 2, which shows velocity and enthalpy profiles
for an 8° semi-vertex angle cone under the two extremes of equilibrium and
frozen air, Also shown are the corresponding profiles for a thermally per-
fect (frozen chemistry) calorically imperfect gas, with vibrational degrees of
freedom in equilibrium with the translational temperature. The frozen

(y = 1. 4) profiles are certainly appropriate for the boundary layer very close
to the apex of the cone, while the equilibrium profiles would obtain under con-
ditions where the flow times were large compared with the characteristic
chemical relaxation times, For intermediate nonequilibrium situations the
appropriate profiles should lie between these extremes,

In practice, then, the velocity and enthalpy distributions may be calcu-
lated for any of the situations shown in Fig. 2, the choice depending on which
is expected to be closest to the true state of the gas, Some of the results
presented below made use of the intermediate profile (frozen chemistry,
vibrational equilibrium), while calculations which included relaxation of the
vibrational degrees of freedom in the gas made use of the frozen (y = 1. 4)
profiles.

The boundary layer calculation from which these profiles are determined
is based on the corresponding external pressure, and makes use of the usual
assumption of local similarity (5). This is followed by a determination of the
enthalpy and velocity time histories along an '"effective' particle path satisfy-
ing mass continuity, with diffusion neglected, These flow variables, together
with the known starting temperature and pressure for each path, are then
used as input to the streamtube calculation applied along the path. Integrating
over this path with a Runge-Kutta technique, the species concentrations and
electrur Arnsity, togethcr with the vibrational energies and the temperature
of the mixture, are calculated, The remaining properties are found by appli-
cation of the appropriate equations of state. The nonequilibrium density so
determined is used to transform the houndary layer variable n back to the
rhvaical narmal cnordinate,

The chemical and ionization reactions used are those thought to be most
significant in air, as summarized in Ref, 1, and included here in Table 1.
The actual calculations have been carried out using both the rate constants
of Ref. 1 and the more recent results of Ref. 9.

The vibrational relaxation of both the oxygen and nitrogen molecules is
also considered. It is coupled tn the djcso lsticn poocics by a CVD repre-
sentation, as described in Ref, 10 (i. e., the effect of vibrational relaxation
on the dissociation rates has been considered, but the simultaneous influence
of the dissociation rate on the vibrational relaxation has been excluded,
since it is negligible over most of the temperature range encountered in the
present paper).

The fundamentals of both the chemical and vibrational relaxation models
are discussed more fully in Refs, 11 and 12,
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The rate equations for species production have the form

DX.1
—_— Fi(p, T, X;3..., X_, e EERTL Yi=1,2,..., n (1)

Dt 1 v m

where Xj denotes the concentration of species i (in moles per mole of undisso-
ciated mixture) for each of the n species of the mixture, while ey; (j = 1,...,
m) is the vibrational energy (per unit massa) for each of the in vibz']ationally
relaxing species., Density and translational temperature are indicated by the
symbols p and T, respectively. For these calculations n=7(02,N2,0 N.NO,
NO*+ and electrons) and m = 2 (O3 and N). The notation D/Dt represents the
Stokes (substantial) derivative, The quantities I'j are known functions of the
variables indicated in Eq. (1), and are based on the known species partition
functions and experimentally determined reaction rate expressions and relax-
ation times. The presence of the vibrational energy terms in Eq. (1) rep-
resents the coupling of the vibrational relaxation with the dissociation.

The corresponding rate equations for vibrational relaxation are

Dev. e, (T) - e,
R | J j=1,2...,m (2)
Dt T

with ey: (T) being the vibrational energy which would exist if the vibrational
degrees of freedom were in equilibrium with the translational temperature.
The quantity 7; is the experimentally determined vibrational relaxation time
and is, in general, a function of pressure and translational temperature.
The ey; are defined in terms of the corresponding vibrational temperatures
ij frém the usual simple harmonic oscillator model

R, 0,

ey, © T%TJ;_— (3)

where Rj is the universal gas constant divided by the molecular weight of
gpecies ], and 0j is the characteristic temperature of molecular vibration of
species j.

In this formulation, where the integration of the rate equations take place
along predetermined paths and makes use of predetermined pressure, veloc-
ity and enthalpy distributions, the equation for conservation of mass is re-

laced b
P 4 dt = ds/u (4)

where s is the streamline coordinate and u is the total velocity., The mo-
mentum conservation equation in the streamwise direction is replaced by the
specified velocity ugj, obtained from the appropriate locally similar boundary

layer calculation
u (g, ) = ug (6,1 (5)
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Conservation of momentum normal to the .treamline is expressed in the
usual boundary layer form

9 =

5 = © (6)

where p denotes pressure, as determined from the appropriate inviacid flow
field calculation, Finally, the equation of energy conservation is replaced
with the specified enthalpy per unit mass hpy,, also obtained from the locally
similar boundary layer calculation,

h(§n) =hg; (§n). (7)

The system of equations is completed by introduction of the thermal and
caloric equations of state, The thermal equation of state is given as

p=pZRT (8)

where

n
z = Exi (9)
i=1

and R is the universal gas constant divided by the molecular weight of the
undissociated mixture,

The caloric equation of state is written as

v ! (10)

Lh=ZRT+el(T, Xl, e Xnevl, ciey B
m

where e is the internal energy of the mixture (per unit mass) and is a known
function of the indicated variables.

The system of Eqs. (1-10), together with the specified pressure external
to the boundary layer, forms a complete system sufficient to determine the
state of the gas as a function of position in the flow field, (S)

RESULTS

a. Comparison with Multiple-Strip Integral Method

In order to assess the validity of the streamtube approximation, results
are compared with those of the more exact multiple-strip integral technique
of Ref, 8. In this technique, the basic nonequilibrium boundary layer equa-
tions are reduced to a set of first order ordinary differential equations, using
Dorodnitsyn's '"method of integral relations.' The original application of
this technique to the solution of houndary layer equations is presented in
Ref, 13,

W ek ] e cm s b
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The reduction to a system of ordinary differential equations is accom-
plished by dividing the boundary layer into a number of separate strips. The
basic equations are then integrated with respect to the local body normal
from the body surface to the edge of each strip by introducing polynomial ex-
pressions for velocity, stagnation enthalpy, and species concentrations in the
integrals, The coefficients of these polynomials are chosen to satisfy condi-
tions at the strip boundaries. Five strips have been used in the calculations
presented here,

With the exception of electron diffusion, which is assumed to be described
by a binary diffusion coefficient for electron-ion pairs through air molecules,
a complete multi-component formalism i{s assumed for the mixture transport
properties, each species having its own diffusion coefficients. As a conse-
quence, the Prandtl number, species Lewis numbers, etc., are nowhere
explicitly introduced, but adjust to their proper local values. A summary of
the appropriate species transport properties used in the analysis is included
in Ref, 14,

The thermodynamic properties of the species and the mixture are calcu-
lated by the usual procedures of statistical mechanics, assuming the internal
degrees of freedom of the molecules are in equilibrium with the translational
mode, The reactions considered are the same as those of Table 1 with the
rate constants being those of Ref, 9., The equilibrium constants, in tabular
form as functions of temperature, closely follow the simplified expressions
of Ref, 11,

The comparison of the two methods is given in Figs, 3-5, where profiles
of temperature and species concentrations 15 £t back on an 8° hali-angle cone
are.presented. In order to facilitate the comparison, the species concentra-
tions are given as mass fractions (thc variable which is used in the strip
technique formulation), For the strip technique, the boundary layer is con-
sidered chemically and vibrationally frozen for the first six inches, the
initial profile for the nonequilibrium calculation being taken from the appro=
priate locally similar laminar boundary layer solution, A fully catalytic
wall, with a wall temperature of 1000°K, is assumed.

Results of the streamtube analysis, also assuming vibrational equilib-
rium, are presented for two sets of rate constants, namely those of Refs, 1
and 9. It is seen that, while the effect of the different rates on the tempera-
ture and the nitric oxide and atomic oxygen concentrations is negligible, the
atomic nitrogen concentrations do exhibit significant differences, with a con-
sequent even greater difference in the electron concentration,

In addition to the general strip method calculation, where diffusion effects
are included and the velocity and enthalpy profiles are calculated locally as a
coupled part of the nonequilibrium analysis (designated '"free! h, u), two
models of a more restricted nature are included. In one the velocity and en-
thalpy profiles are constrained to be identical to the locally similar profiles
used in the streamtube analysis (designated ''fixed"" h, u). In the other, the
strip method has been further restricted to eliminate the effects of diffusion.
The restrictions and the results of this case are the closest to those of the
streamtube analysis, Complete agreement with the streamtube results is
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still not achieved, however, due to differences in the thermodynamic and
transport properties used in the two methods, as well as a greater degree of
coupling between the thermodynamics and the chemistry for even this simpli-
fied strip analysis, (In the strip method the species concentrations are

based on the properties across the entire boundary layer, while in the stream-
tube technique these concentrations depend only on the properties along the
"effective’ pathline under consideration. )

Aside from these property and coupling differences, the remaining dis-
crepancy between the streamtube and most general strip method (with dif-
fusion, and "free'' velocity and enthalpy profiles) is then seen to be due to the
approximations of neglecting diffusion and requiring the velocity and enthalpy
to be specified by the fixed locally similar profiles, The strip method results
indicate that, while the temperature again is not greatly affected by the various
approximations, the species concentrations are, The neglect of diffusion gen-
erally has the greater effect on the profiles and, in fact, apparently accounts
for the major portion of the difference between the streamtube and general
strip method techniques,

Although the precise details of the boundary layer profiles are of impox-
tance for many applications, there are also cases where the total quantities
of atoms, radiating species and electrons produced within the boundary layer
are more significant, Certain telemetry considerations and some aspects of
far wake behavior fall into this category. The overall rate of deposition of
any species produced within the boundary layer is obtained by integration of
the particle flux across the boundary layer. The result is given by

Ve
D, = 2nr f n, udy particles/sec, (1)
0
where yo is the value of y at the edge of the boundary layer, and nj is the
number density of the relevant species,

When such integrals are evaluated for the profiles shown in Figs. 4 and
5, it is found that the discrepancies between the streamtube and multiple-
strip integral methods are somewhat reduced. The reason is that, although
the peak concentrations given by the strip method are always smaller for the
species considered here, larger quantities are produced at large values of
n, thus contributing more heavily to the integral of Eq. (11). For example,
when the integrations are carried out for the atomic uxygen profiles of
Fig. 4, the streamtube profile yields a total deposition rate which is 1,5
times the corresponding rate for the strip method profile with diffusion.
This represents a considerably closer agreement than is obtained from a
comparison of peak values, where the streamtube result is approximately 6
times greater than that of the strip method. Similarly, for the electron
profiles of Fig. 5, the streamtube method yields a deposition rate 11 times
that for the strip method, while the peak value for the streamtube method is
35 times that of the strip method,
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b, Sensitivity to the Chemical Model and Rate Constants

The sensitivity to the choice of rate constants illustrated in Figs. 3, 4,
and 5 is shown from a different point of view in Figs, 6 and 7 for the same
geometry and flight conditions, Here the temperature and concentrations are
plotted as functions of distance along a particular path within the boundary
layer, The path is chosen to pass through the peak of the enthalpy profile at
a distance of about 5 ft from the cone apex, The temperature is seen to peak
at approximately the same location, In addition tu the effect of rate constants,
the figures also illustrate the influence of the chemical model, Of the six
cases shown in Figs, 6 and 7, the two labelled '"vibrational equilibrium"
correspond to the streamtube calculations of Figs, 3, 4 and 5, For the other
four cases, the vibrational degrees of freedom are assumed unexcited when
the particle path enters the shock layer, with subsequent relaxation at finite
rates, Vibrational excitation accounts for almost negligible energy (~ 20°K)
in the inviscid region, but the conditions are such that the nitrogen does not
achieve vibrational equilibrium until some 10 it from the apex, Near the 5-ft
station, therefore, the peak translational temperature is increased by some
400°K if the vibrational degrees of freedom are not assumed fully excited.
This increased temperature affects the nitric oxide production and, to a
greater degree, the atomic nitrogen concentration and associated electron
production,

Two of the vibrational nonequilibrium curves use the CVD model, with
the rate constants of Refs, 1 and 9. The remaining two cases (also with the
rate constants of Refa, 1 and 9) use a non-CVD model, in which dissociation
is allowed to proceed at a rate determined by the translational temperature,
even when the vibrational degrees of freedom are not fully excited, This
permits slightly greater atom production and yields the greatest electron
production for a given choice of rate constants,

The results of these calculations show that the nitric oxide and electron
concentrations can be cairciuely scusliive v slivhi variaiions in ibhe chewmical
model and rate constants used, Until there is more adequate experimental data
to clarify these details, any boundary layer calculations in this temperature re-
gime (with or without diffusion)will be subject to the same uncertainties.

¢. Variations with Cone Angle

The effects of variation of cone angle on the profiles obtained by the
streamtube method are shown in Figs. 8, 9 and 10 for the 15-ft station. For
the family of curves drawn with solid lines the rate constants used are those
of Ref, 1, and the chemical model includes vibrational nonequilibrium with
CVD with the integrations starting from conditions immediately behind the
shock wave (calculated for vy = 1,4), The enthalpy and velocity profiles used
are for the locally similar frozen boundary layer,

In the case of the more slender cones the region in which the temperature
exceeds 30009K forms a relatively narrow band inside the boundary layer,
For cones with larger semi-vertex angles this region becomes wider and for
the 25° cone it actually extends beyond the boundary layer out to the shock,
Moreover, for the frozen boundary layer (y = 1. 4) in which the temperature
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is proportional to the enthalpy, both the peak temperature and peak static
enthalpy increase with increasing cone angle. For the flight conditions con-
sidered here (altitude = 150, 000 ft, flight speed = 22, 000 ft/sec) the peak
temperature increases from 52509K to 6650°K if the semi-vertex angle is
increased from 5° to 25°,

Even though the peak static enthalpy in the boundary layer increases with
cone angle, Fig. 8 shows that the nonequilibrium peak temperature decreases
with increasing cone angle. This trend can be explained by considering dif-
ferences in the enthalpy-time histories with cone angle for particles arriving
in the region of peak temperatures at a fixed distance from the apex. In con-
trast to the flow times from the shock to this region, which are about the same
for all cone angles considered, the residence times of particles in the high
enthalpy region increase with cone angle, Furthermore, the pressure rise
across the shock also increases with cone angle, resulting in higher density
levels throughout the inviscid flow region and boundary layer. These factors
all lead to a higher chemical activity which in turn is responsible for the
lower peak temperatures for larger cone angles,

Of course, the higher chemical activity also leads to a larger production
of NO and electrons, hoth with respecct to the peak concentrations achieved,
and to the extent of the chemically -~active region in a direction normal to the
cone surface, A particularly large NO production occurs in the high temper-
ature region in the case of the cone with 25° semi-vertex angle. The rather
anomalous shape of the NO concentration profile near the wall at the 15-ft
station can be explained in the light of the above discussion. Fluid elements
entering the boundary layer close to the apex of the cone undergo violent
levTaant) Clucvivil, LueBulting ui NU and electron concentrations close to
local equilibrium. As the fluid element approaches ine iower tomperalure
region near the wall, the concentrations of these species become in excess
of the local equilibrium requirements. The reactions reverse direction and
work toward the removal of the excess, as for example, on particle paths
which arrive at the 15-ft station with n ~ 0.5. However, for particle paths
at smaller values of 1 the fluid elements reach the low temperature region sc
rapidly that the reaction rates become too slow for effective removal of the
NO within a 15-ft length. This accounts for the high levels of nitric oxide
for the 25° cone at small values of n. On the other hand, the binary recom-
bination process

e+NOT - N+O

can be effective in reducing the electron concentration by one or two orders
of magnitude within the same axial flow distance, Of course the fine details
of the profiles obtained from the streamtube method are not significant be-
cause of the neglect of diffusion, but the information obtainable on the
chemical behavior is of value,

Another aspect of the 25° cone result is seen in Fig., 10, which shows
considerable production of electrons in the outer edges of the boundary layer
at the 15-ft station. Most of this production occurs in the inviscid flow field,
since the static enthalpy is too high to permit the gae to remain frozen.
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The results obtained under the assumption of vibrational equilibrium
are shown by the dashed curves of Figs, 8, 9 and 10 for cone angles of 5°
and 159, Again the rate constants are those of Ref. 1, but the enthalpy and
velocity profiles used are for the locally similar boundary layer for a ther-
mally perfect, calorically imperfect gas, The sensitivity of the profiles to
the extent of vibrational excitation for small cone angles has already been
mentioned in Section b, As the cone angle is increased the vibrational relax-
ation distance in the inviscid flow field for 150, 000 ft altitude becomes small
compared with the flow length of 15 ft. Consequently, the differences between
vibrational equilibrium and nonequilibrium are fairly small for a 15° cone,
and practically negligible for a 25° cone, For this reason the vibrational
equilibrium profiles have been omitted for the latter case,

d. Binary Scaling, and Variation with Station and Altitude

All of the results presented above have applied to an altitude of 150, 000
ft. For the more slender cones, the chemical and excitation processes oc-
curring in the heated gas are dominated by binary reactions, even at the 15-ft
station. For the larger cone angles, of course, the shorter chemical relaxa-
tion times permit over-dissociation to occur, and lead to situations where
three-body recombination processes are important within the boundary layer.
However, as long as binary processes dominate, the well-known concept of
binary scaling can be invoked. As far as the chemical and excitation proces=-
ses are concerned, this permits a calculation obtained for a body of charac~
teristic dimension x at an ambient density p_, to be applied to a geometrically
similar body of different size (at the same flight velocity), as long as the
ambient density is chosen to maintain p_ x invariant., For a constant wall
temperature, and neglecting viscosity c‘ﬁanges due to variations in atmospheric
temperature with altitude this scaling criterion also implies that the
Reynoids nwnwes 15 lefl practically unchanged, Thus it is clear that the
boundary layer is also virtually unaffected by the scale change. Thus the en-
tire chemical and thermodynamic behavior for a given body at one altitude
can be applied to the appropriate geometrically similar body at a different
altitude, In any application of this principle, of course, it is necessary to
express species concentrations non-dimensionally, (in moles per mole of un-
dissociated air, for exainple). Concentrations expressed in particles per
unit volume would then scale linearly with the ambient density.

The binary scaling principle is equally applicable to more accurate non-
equilibrium boundary layer calculations which include the effects of diffusion,
since the diffusion is also a binary process. The only problem which arises
in the application of such scaling is in the determination of its limits of
validity, As soon as atoms are produced, three-body recombination processes
begin, though they are entirely negligible over most of the range of the slender
cone calculations presented here. However, when the results presented are
applied to smaller and smaller bodies at higher and higher densities, the
three-body processes gain in importance and ultimately vitiate the binary
scaling concept.

The onset of such a breakdown may be readily determined by means of
the streamtube method. In the present case some calculations were made to
assess the validity of binary scaling for the profiles shown for the 10° cone
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of Figs. 8, 9 and 10. The profiles plotted are for the 15-ft station with
pm/po = 1,5 x 10-3 (150, 000-ft altitude), and they are indistinguishable from
the corresponding profiles for the 0. 0225-ft station on a conical pellet at
pw/po = 1 (sea level). While the reactions occurring on particle paths near
the wall at the high density are nul enlirely binary, the three-body reactions
do not predominate until the temperature is too low for significant chemical
changes to be effected. This situation is similar to that discussed in connec-
tion with the 25° cone in Section c.

The effects of variation of station location are graphically illustrated in
Fig, 11, where nonequilibrium temperature profiles at three different axial
stations for the 10° cone of Fig. 8 are shown, The nonequilibrium calculations
are carried out under the same restrictions as those used for Fig, 8, and vi-
brational nonequilibrium with CVD is assumed. The initial frozen (y = 1, 4)
profile is observed to relax through a series of values which tend to zpproach
equilibrium conditions downstream. It should be noted that, whereas the peak
temperatures vary over a wide range, the peak value of static enthalpy can
change hy only a few percent, as pointed out in the discussion of Fig. 2.

The effects of variation of both altitude and station location for a given
body size are shown in Figs. 12, 13 and 14, Here the calculations are carried
out by the streamtube technique for an 80 semi-vertex angle cone, under con-
ditions of vibrational equilibrium, and with the rate constants of Ref. 1. In
these figures the profiles are given in terms of actual distance normal to the
body surface, rather than as functiones of n, to provide more graphic illustra-
tion of the effects of altitnde and station loecation  Altitudes of 115, 000 f{t,
and 200, 000 ft are considered, as well as stations 5, 10 and 15 ft from the
apex of the cone.

The profiles of temperature, nitric oxide concentration and electron den-
sity show variations with altitude and station which reflect the increase in
boundary layer thickness botn with altitude and with distance downstream.
While the peak temperature does not exhibit any great variation over the range
of conditions considered, the peak values of nitric oxide concentration and
electron density do, a fact which is of some importance in any precise flow
field determination.

For purposes of comparison the electron density profiles for equilibrium
air at the 15-ft station are included in Fig. 14. A large difference between
equilibrium and nonequilibrium results is exhibited at higher altitudes. The
difference is seen to decrease with altitude, indicating a general approach to
equilibrium conditions at the lower altitudes, as far as the 15-{t station is
concerned., For a shorter cone length, of course, the approach to equilibrium
would occur at still lower altitude, in accordance with the binary scaling
principle discussed above.

CONCLUSIONS

An approximate technique has been developed for the determination of
nonequilibrium effects within a laminar boundary layer, based on the assump-

and that the velocity and enthalpy distributions are given with sufficient
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accuracy by a locally similar analysis which neglects nonequilibrium effects.
A comparison with results from a more accurate multiple-strip integral
technique indicates that the approximate technique tends to over-predict peak
values of some of the species concentrations, particularly nitric oxide and
electrons. The primary cause of the discrepancy is shown to be the neglect
of diffusion, with the enthalpy and velocity approximations being of secondary
importance.

While the neglect of diffusion in the streamtube method is seen to over-
predict peak atom, nitric oxide and electron concentrations, integration across
the boundary layer to determine the overall deposition of these species results
in a much closer agreement between the two methods.

In spite of the discrepancy brought about by the neglect of diffusion, the
streamtube method does have certain applications, particularly for those cases
where general nonequilibrium trends, rather than detailed flow field computa-
tions, are desired, In these circumstances an adequate description of the
profiles at a given station can be obtained by calculaiions made ior a limited
number of suitably chosen effective particle paths, resulting in a considerable
reduction of machine time as compared with a more exact method, Certain
nonequilibrium trends have been considered here for the boundary layers on
pointed cones. They include the uncertainty due to the rate constants and the
vibration-dissociation coupling, both of which have been shown to be appreci-
able, In fact, it is seen that the combined effects of these uncertainties, to-
gether with other differences in the thermodynamics and transport properties,
may well approagh the order of the difference between the streamtube and
multiple-strip integral methods in some cases.

Parametric effects, such as the variations due to altitude and body geom-
etry, also have been considered, together with the application of the binary
scaling concept, The difference between the equilibrium and nonequilibrium
results at higher altitudes is appreciable, with equilibrium being approached
as the altitude is decreased,

In summary, it is clear that diffusion effects cannot be neglected in com-
parison with chemical production processes, as in the streamtube method.
Any quantitative estimates of species production in cone boundary layers must
be supported by calculations which include the effect of diffusion. However,
as long as such supporting calculations are made, it is posgible that the
streamtube method has some usefulness for estimation of trends with cone
angle or altitude, or for evaluation of the effect of changes in the chemical
~:del o= in the rate constants, Such changes in the chemical model could
include, for example, seeding or reactions with ablation products.
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CHEBYSHEV METHOD FOR THE CALCULATION
oF
RADAR CROSS SEGCTION OF PLASMA WAKES

K. Fong

Eiectromagnetics Research
Lockheed Missiles and Space Company
Sunnyvale, California

ABSTRACT

To caloulate the radar cross-section of a plasma wake, it is necessary
to solve the electromagnetic field within the cylindrical plasma, This is a
formidable problem and, to date, only limited progress has been made,

This paper presents the Chebyshev method by which the field equatim of
a radially varylng plasma wake is numeriscally solved, Using the computed
values, along with values for the Bessel and Hankel functims, the radar
cross section of the oylindrical wake can be computed. The advantage of this
rathod, against the use of power series, is that strong convergence is
agsured due to the use of Chebyshev series in the present method.

The method described in this paper was performed under Navy Contract
NOw 63-0050=c (U).
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CHEBISHEV METHOD FOR THE CALCULATION
CF
RADAR CROSS SECTION OF PLASMA WAKES

K. Fong
Electromagnetics Research
Lockheed Missiles and Space Company
Sunnyvale, California

INTRODUGTION

The plasma wake of a body re-ontering the atmosphere can modify its
radar return, This depends on the electron density, the manner in which the
electrons are distributed, and the eleotron-atom collision frequency, Be-
cause the flow is both laminar and turbulent, the assumption of uniform
elactron distribution in the wake is unrealistic. Also, the sasswmtion that
the electron denslty, therefore the plasma frequency, in the walke region is
a function of the radial distance only may not be correct, but is often used
as a mathematical model for theoretical calculation of backscattering crossg-
gection, To simplify things further, the collision frequency is often
agsumed constant at each altitude, =ven with these agsumptions, the field
equation, which must be solved, is complicated encugh to require the service
of electronic computers,

With the permittivity of the wake expressed in a finite polynomial of
the radial variable, (which may be obtained from experimental data by curve-
fitting techniques), numerically solving the field equation by assiming an
infinite Taylor or power series results in slow conwvergence, This difficulty
cannot be easily overcome even with the use of high speed computers,

The numerical method propossd in this paper alleviates the slow con-
vergence problem,

The Chebyshev polynomials have been known to the network theorist for
its "equal ripple" approximation in filter synthesis, and the Chebyshev
series possesses the property of approximating a fimction with fewer terms
than any other series in its class, Because of this bounded magnitude of the
Chebyshev polynomial and the strong convergence that the Chebyshev series
possesses, Clenshaw (1) has used the Chebyshev expansion method for approxi-
mating solution of differential equations of real variables and real
coefficients, Lanczos (2) has also used the Chebyshev series as the per-
turbating term (8) for solving differentisl equaticns in his 7-method,

L. Fox (3) merges Clenshaw's and Lanczos' method into a matrix equation wiich
can be solved to obtain the coefficients of the finite Chebyshev series ap~
proximating the solution of a differential equation,

This matrix form of L, Fox is used here for solving the field equation
of the plasma wake so that radar cross-section can subsequently be computed.
The matrices suggested by Fox consist of real elements, whereas the matrix
equation resulting in solving the field equation inside the plasma wake is

4
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corplex since its permittivity is complex. Also, in this paper, Fax's matrix
form has been re-arranged so that computation of numerical values by program-
ming the computer can be conveniently performed by employing Crout's method
for solving sets of simultaneous equations (L).

SOLVING THE HELMHOLTZ EQUATION

By means of curve fitting techniques, ¢ (») of a plasma gylinder may be
obtained from experimental data on electron density distribution, Assume
that ¢ (p) is expressible by a finite polynomial of the form

e(p)-¢1+!2p2+e3ph+¢h96+¢508+--- (1)
The ¢'s are complex, For par¢” .2l polarization and normal incidence, the
field equation is given by

2 2
aus lau5 1 3%

2
3-;5‘;-6-;- -5-—14‘&! jlo Coé(p)u =0 (2)
I
By the method of separation of variables one obtains /¢
direction of
u, = E (o) @ Jme propagation V (3)

Pl
Combining eqs. (3) and (2) gives asma cylinder

dzEm(p) 1 dE (p) 2 nt
"E +: " + (K (0) -;5) E (p) =0 ()

Using the first four terms of the series for ¢(») from (1),

2
dEm(kP) 1 dEm(kP)

+* o=

+ [61 + eé(lur»)2 + ¢3' (lw)h + ‘ﬁ(kp)h

d(k») kp d(kp) (s)

E (ko) = 0
(kp)a} (e)

Since the range of x in the Chebyshev poelynomial, T (x) g 8 =125x< 1, ko in
eq. (5) is changed to

kp=§ x (6)
where B is chosen so that 0 {( x < 1,

Now eq. (5) becomes

it A i A A b

N e B
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2 2
PE0 1@ oo b by "
+ — +| (€& + ¢ + € + 6 ) - E(x) =0
dxﬁpa. xp dxﬁ [( 1 2 B x 3* B x _—é(px_) ] TRES o
With the transformation n
E,(x) = x R (x) (8)

8qs (7) gives

2dR(x) R (x)
—7- +(om+ 1) x

+[5232 (eJ’_ + ¢2’ ﬁzxz +¢3@h + ehpé 6)] Rm(x)

=0 (9)

The even power of x's in the expression for the permittivity suggests the

use of the even order of Chebyshev polynomial in the approximating Chebyshev
series
N,

Rp(x) = 3= Ay 1, (x) (10)

n=0
where the prime indicates that the first term in series (10) is

A, T,
The A's are the coefficients of the Chabyshev series,
It can be easily shown (sce Appendix A) that

2 d‘zTZn(x) iy 2
X —— 2 (20-1) Ty, ¢ WY (Bm = (26)° <2) Ty
k=1 (1)
+ 20 (208 - 1) T ()
4T, (x)
2n
x——— M Ty +2T) (ay* 2T *=-------~ +T0) (12)
T +27, +7T
(X) - en + 2 n 2n=2 (13)
T + LT +6T, +LT +T
N Tzn(x) o 20+l n+2 - 2n 2n=2 2n-l (L)
60 (xy  2n#6 * © Tanay * 15 Tonup * 20 Tpy ¢ 15 Tonp
2 &k (15)

6Ty * Tong
3
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and

x8 Tm(x) -

+ 28T
256

+ 8T + GAT 70T,

T2n+8 2n+6 2n+l one2 * 2n

(16)

* 56Ton.p * 875, * 8Tpng * Tonag
256

Using eqs. (10) through (16) and after adding the perturbing Chebyshev
polynomial (r-method)(2) eq. (9) is approximated by

N n-l

Z Ay {2n(2n-1)T2n+2n'E_ [81«:-(21:)2-2] T3 (n-k) +2n(2n2-1)rc(x)
n=0 km]

2 |T +2T, +T, .
+2n(2m"‘1)(Tgn’zTgn_g*sznq-" """" "'To) + B ‘i[ 2n+2h 2n_2n 2]

.!;,;[szh"mzmz*wzn’wm.u’Tzn-s . 64[T2n+6*6fm+h"15"'2n+2
L L P &

4200, $15T,y 46T, o, ] . 80 [ Tone8* ¥ 2ne6 B ol 56T 42 a7)
an 358

+70T,, +56T7 +287, , +8T, T
2n 2n-2g6 204l 2n-6 m-a]}_ P00 T (x)

+ TBTZ‘H"J‘. thZi+6+ fSTZN'.'B
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1

e,

By equating coefficients of T
tion is had:

1

- Pnes SN+l

For initial condition, the first row of b's are

b

12

by = ¥, (0) =1
= T,(0) = <1
b13 - Th(O) -]
by, = 16(0) -]

and so on. Rm(o) = 1 i3 assumed in eq. (19).

Initial
Condition

0

- O 0O O o

on for each n up to n=N, an matrix equa-

(18)




For N=10, eq. (17} becomes

b1y Byp By3 Py Py
D21 22 P23 By Yoz
by b3y a3 by, byg
bu1 B2 By3 By Pis
bgy Pgp Boy By, Beg
g1 Psa Pe3 gy beg
B2 Bg3 By, Bog
O bgy by, bgg
o Pgs
10,5

O O 0 O 0 0O ¢C O o
o OO0 0O 0 00O

o O o o0 0 0o o0 o

o O O 0 O 0O O v

c O 0O 0 0 O o

The expressions for the bla are given in Appendix B,

beg
b6

bgg
bog

%30,6 P10,7 ©10,8 P10,9 P10,10 P10,11
1,6 P11,7 P11,8 Pa1,9 P11,10 P11,11
P12,7 P12,8 P12,9 P12,10 P12.11
®13,8 P13,9 ®13,10 P13,11
Y,10 ®1n,11
P15,10 15,12

0O 0 0 0 0o

O O O O

g8
%8

bga
Bog

0
0

79
b89
Yoo

bul;9

?;,10
3,10
b310
B),10
b5 10
%6,10
% 10
53,10
%9,10

0~

1,11

®,11
b311
,11
bg,11
4,11
%11
bg,11
Bg,11

L

OO0 00 O 00O OoOO0OC OO ¢

A

9 2

Tsd
(19)
The latter matrix equation is not directly suitable for computer calou-
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-

1l
2

3
N

lation becsuse computer subroutines for sclving simultaneous equations are
usually written for mstrix equation of the form

where the elements of V and C are known and the elements of the colum

matrix X are to be computed, With & little slgebraic manipulation, the fola

Xs=¢(

lowing form is obtained for eq. (19)

R A e 1 e
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1
-
=1

original
b-matrix

0O O 0 00 00O O0OO0OOoOOo
OO0 OO0 0O 0O 0 0 o0 o0 o ©

)
P
o OO0 O 0O OO0 0O OO0 O ©O

]
0O 000 OO0DOCOOOOOOoOOo

O O 0O O 0O 00O OO 0O OO0 o o ¢
£

0
0

O O O O
o
.l_.
’I_‘

o
N

— b o b
S

4

(20)

O O 0O 0O 00O 00O 0O 0O 0O 00O O W

-

The original b-matrix has been augmented and is now a square
matrix, All unknowns are in the right places for computation. For a given
set of e's, values of E (p) are shown in Table 1, and the terms of Ry ( X)

are in Table 2,

Having solved the field inside the plasms cylinder, the next step is to
formulate the expression for the backscattering radar cross sectiom of the

cylinder,
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- t
Table 1. Values of B (p ) and B (5,)

€ L0+ 2 . L 6 Yo
- J12 + (60.L + § 13.6) x° - (A8 + ji2) x* + 3.5 + J5.3) R =0,05
-]

M B, () B, ()

0 1,025 - § 7.47 x 107 .29 + 103

1 .2008 = § 1,67 x 10 J15 + § 1,22 x 1073

2 OL-31x10™ 32070 + § 1.9 x 107

1 1x 207> = § 7,58 x 1077 1,1 x 10™ - 3 1,29 x 10

b | 1x20% - 36x10 7 %10 - § 2.5 x 1077

5 1x107 - j5.06 x 1077 546 x 1071 = § 2.5k z 107

6 | 1x120% <L x1070 hed x 207 < § 3,1 x 1077

7 1x107 - 43,8 x10™ 2 ko3 x 2077 - § 3,05 x 1070

8 1x10°0 - 3 3.2 x 10712 3,88 x 1070 - 5 2,97 x 107
9 1x 107 < § 3.09 x 10722 3,52 x 1072 - 3 2,87 x 1072
10 1x 10720 . 52,818 x 10™ 3,22 x 107 - § 2,75 x 10713
1 1x10°2 -y 2,89 x 10705 2.97 x 10723 - 5 2,63 x 10°
12 | 1x207?% 232, x10"¥ 2,76 x 1074 _ 3 2.5 ¢ 10715
13 | 1x1072 <3 2,23 %20 2,27 x 107 - 4 2.1 x 1076
w | 1x20 -5 2,09 x10728 2.1 x 1078 = 3 2,3 % 1077
15 1x 107 - § 1,96 x 10719 2,27 x 10727 - 3 2,2 x 10718
16 | 1x10" 31,85 x102° 2L x 10728 _ 3 2.1 x 10719
17 1x 1077 - 31,70 x 10%* 2,022 x 207%% « 3 2,03 x 10720
18 1 x 1208 - 5 1,66 x 10722 1,92 x 10720 _ j 1,95 x 1022
19 1x 1079 . 51,38 x 10723 1.83 x 2072* ~ 51,88 x 10722 |
20 1x120°0 0 51,5 x 107 1,75 x 20722 - 5 1.81 x 10723 |
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Table 2, Values of Coefficients ‘Zn

A

l.hbh - 3 729

152 - 3 L2004

9.23 x 10~ - J 3.3 x 1072
<1.987 x 10~ = § 1,06 x 10~>
-8,29 x 107 « J 7.2 x 107
2,75 x 10"6 + J3.5x 10'6
1,29 x 10~ « 3 9.9 x 107
<264 x 1077 + 3 6,29 x 1077
<116 x 2077 - 3 8,72 x 2077
1.03 x 2077 + 3 6,68 x 20~0
7,36 x 20710 = 5 11,8 x 207
L.88 x 20720 4+ 3 3,17 x 2077

2,393 x 21070 - j 1,55 x 10~7
6,05 x 1072 + § 3,61 x 1070
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FORMULATING RADAR CROSS SECTICON EXPRESSION

() The incident electric field polarized in the z-direction is given by

u:'-u e-jkncos&#

o (20)

Using wave transformation technique (6), eq. (20) hacomes
00
npm g, 4T, (k) e RO (21)

me =00
The .cattered fiseld takes the form

w -
ad = w20 3™ A (B k) o (22)
™ « oo
Similarly, the field inside the ¢ylinder is given by

uy = u, 3 37 BB (kp) oim¢ (23)
m= =

Where Am and Bm are constants which are determined later by applying the

boundary condition on the "surface"™ of the cylinder. Em(p) is given in
eq. (8) and its numerical value for each value of m is computed with the
aid of the matrix eq, (19). Knowing the electric fields the corresponding
magnetic field can be easily derived by using the Maxwell squation

VUXxE= -y%‘%

They are 39 (k8)
“o - - (m+l) ¥  sme
- ———— 2
" m-z..mJ 3 (k) ° @)
S - 2 f: ), Fm ) g (25)
2 A 2
Ho To m= oi B ake) ° (%
and
' v - 3E_(p)
R DI R SRR (26)

B
where 7 [

13k,

Mo gt Ly S it Ko 0

x!
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At the "surface" of the cylinder, where p= » 0?2 the following boundary condi-
tion appliest

1 8
Hy = H¢ * H¢ (27)
and
u, = u: + u: (28)

Substituting the field expressions from egs. (21) to (26) into eqs. (27) and
(28) and solving for A, gives

ad_ (kp) E (p)
Byl Pt - 3, lke,)
a(ke) |oap (k)| pu
T TSNS 2 2 (29)
ot ‘% (kp) 2) aE(P)
B, () - H % (kg ) ——
0 (kp) 3 (kp)
p= p° pm po
The backscattering radar cross section is defined by
u 2
ce? | 2 ()
Y

where k = %E s L is the length of the cylinder and usz i8 evaluated at the
o

point where the radar is located, and uiz is evaluated usually at o = Q,
So using the asymtotic expression for H(2)m(kp), substituting eqs. (22)

and (21) into eq, (30), and setting ¢ = m (because of backscattering), the
following expression is obfained

12 © n 2
o= o= Z €n (1) Am (31)
m=0
wnexe € is the Neumann number.

Expression (31) is not sasy to compulo numerically. A_ given by eq.
(29) involves besides Em(p) and its derivative, Bessel funct¥ons of the first
and second kind and their derivatives. In those cases where the numeri-
2al values of Em(p) are obtained by surmming a large numbexr of terms, high
2rjer Bessel function and derivatives are required in computing o, But
“he magnitude of high order bessel functions of first kind becomes very small
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whereas that of the second kind increases to a rather high value making the
summation very difficult, The method used in cbtaining E (r) in this paper
enables the summation in (31) to be terminated at a n
small value of m before the Bessel function behaves radically differemt from
each other, For example, using values of
95
E (7)) and —=
m (o) 37 | P a b'o

from Table 1, 18 terms of eq. (31), gives o & 1,69 x 102 2

£t~ for L = 100 ft.
DISCUSSION

Numerical resulis presented here are for illustrative purposes, In
cases where the ratio of radius to propagation frequency is large, either an
iteration proc2ss or an increase in the number of terms of the Chebyshev
series in approximating the field equation is necessary,

Although error analysis (2, 3) s difficult in applying the
Chebyshev method to the field equation, yet if the values of 7's are much
smaller than those of the first few coefficlients of the finlte Chebyshev
gseries, a good approximate solution is obtained,
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Appendix A
Derivation of x 'I‘n' (x) And x2 Tn“(x) In Terms of T q(x Yts.

The Tn(x)'s are the Chebyshev polynomials of the first kind (5). In
order to find x.Tn(x) in terms of the Tn(x)'a , start with the following:
Tylx) = bx'=3x
T.3(x) = 12::2-3
= 6('1?2(::) + To)
Th(x) = 8xh-8x2 «1
Thl (x) = 32:3 - 16x
- 8 (Ux3-3x) + bx

and
To(x) = 162°-20x3 + 5x

T's(x) = goxl'-60x2 + 5
= 10 (8xM~8x% + 1) + 10 (2x2-1) + §
= 20 (T)(x) + To(x) + T (x))

From the above one has in general

' '.l‘l for n even
To(x) =20 (T, 0 (x) # T (%) + =« - - - - * 'ro) for n aa &)
so . :erl
ﬂ’n (x) = 2n I:xTn-l + Xl'n_a L J U . +{ }] (B)
x, T

By the use of the recurrence relation

X1, (x) = T_n"ﬁ‘l.;_ﬂ&il(i) ()
(B) can be written

1 2T1(x)
COREIERORS TR RS

To(x).

n odd
] (D)
n even

Replacing n by 2n one has

:d‘zn'(x) = 2n [TZn(x) + 2T2,n-1i + 21, ln-2l t -t To(x)] (E)
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From (A), the sacond derivative is
1t | ] ]
T n(x) » Zn['rn_l (x) + Tn-3 (x) + - = -] (F)

again us;i.ng (A), (F) becomes
T, '(x) - 2n[2(n-l)('1‘n_2(x) + Tn—h(x) + Tn_é(x) -

+ 2(n3)(T, (x) + T (%) + = = = ) + 2(n=5)(T, 4(x)
+'1'n_8(x)+----)+..---]

or

1, @) = laf (1) 7,00 ¢ [(@0) + e2)]m, @)
+ [(n-l) + (n=3) ¢+ (n-S)] T g(x) * - - -E

Multiplying the last, expression Yy x and using (C) gives
A, 0 2 ) ) 1 +[2 ) ¢ e | T

+[20-0) + 2603 + (ae5)] T g(x) # - - - -

(@)
+ [2t0) + 2(03) + 20-8) + 2001y ¢ - - - -
‘1‘1 n even
To t n odd
Multiplying by x again and using (C
xz'rn"(z) =1 [(n-l) T, (x) + ss(n-l) * (n-3)£ 1.0(%)
. {h(n-l) + 3(n=3) + (n-S)} Tpay (%)
+ {1(n1) & Ln=3) ¢ 3(neB) + (nT)} Ty ()
+ {l(na1) + L(n=3) * L(neB) & = = = = = o) ) r °";‘
H
T0<x) n iven
After replacing n by 2n, expression (H) oanlbe written
N=
1" (x) = 20 (e1) Tyx) + 20 Y (Bl = (207 <2) Ty g ()
kel 1)

+ 2n(20-1) T (x)

bl 3o &
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Elements of the b-matrix:
For n=0, from (17)

6 20
"% *BAT
NI IOK Bt
6
o o E o vkt
Py '311 2 253 3
be1 ‘2‘56 3
and by = bgy ® = - - - - =0
e (B0, o 0y (O o ety
[+ [+] [+
wad ay = (2ﬂ)2‘h (g%)a
Similarly, for n=1 L
'“2’“"1)*1: o et %E * 588 %
bh? Elao * ]3'6“1 3520'2 +
b tB A E + 328 o
b2 = & %2 * 7@ %3
b2 " 8% %3
and bgy = bgy = - - = - = -0
Elements of column 3 are

b33-h0+3(2m"‘1)*%“° 4-1%a1+ %‘3424-2%%
bb3-12+h(2m+1)+§¢,_. fre e Bordo

6 28

B3 "z tEn % e %3
= 1 + 80,

B3 6171“2 7% %3

bg3 = 386 %3




&1

Elements of colum L are

- 1l
b2h 102 + 6 (2m+l) + ran 62 + '2?3 03
- 1
- \
th 180 + 12 {2m+1) + 15 2
1l

bhh-108+12 (an+1)+1-; °+Rg-a1+ %’Eu2+§é§03
XY i3

L1
P, = 388 93
and bigy, = by - --=0

Elements of column 5 are
- 1
b25 248 + 8 (2m+l) + 3% %

st-h6h+l6(2m+1)+3%a2+}-§3a3

th 368+16(2m+1)+l *316?“ -éga
55-56+8(2m+1)+-Ea +Igé 5%3 ey
Peg = E“*E"l‘ 5533

Bog ® 13“1 'SE % * 758 %

By T %t Y

bes = 55 %
andblo,s'bll,s"""'o

Elements of colum 6 are
b26 = }j00 + 10 (2m+1)

by = SUO + 20 (2ml) + %3 ay
bh = 820 + 20 (2m+l) + 'GE 4y +-§;3 a3
T

i = [V
oﬂ

+
5o
F

+
2 b
mﬁ

+
s

21
w

b76 = 90 + 10 (2m+1) +
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6.-......-.0

Elements of column 7 are
b, " 852 + 12 (2m+l)

by = 1656 + 2 (2ned)
B = 1512 + 24 (2me1) + -,‘,%3 ay
57 = 1272 + 2 (2m+1) + -a} o, * Ef-s ay

-936+2h(zn+1)+1-5a1 T % Eé%“s
SIS Al Vs

bay -132012(2m+1)+1-201+-5£a2+ °a3

975%"1'615‘ '5'63

b10,7 * 'E“l '611“2 ‘235“
13,7 ‘61: 2 23?' !
P12,7 ® 86 3

R TR LT B

Up to this point, the pattern of the b's for each column has been established
and the b's of colums 8, 9, and so on, can be written down easily.,
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ANALYSIS OF ELECTROMAGNETIC WAVE PROPAGATION
THROUGH RE-ENTRY INDUCED PLASMA SHEATHS

Richard R. Gold

Aerospace Corporation
Laboratories Division
El Segundo, California

ABSTRACT

An exact solution is obtained to the general problem of propagation
of plane harmonic electromagnetic waves across a stratified
plasma layer. The variation of the plasma properties in the direc-
tion normal to the layer is arbitrary, and oblique incidence is con-
sidered with no applied magnetic field. A constant magnetic field
applied normal to the layer is included for the case of normal
incidence. The solution is based on an integral equation formula-
tion of the problem and is expressed as an infinite series. It is
particularly useful when the ratio of slab thickness to free space
wavelength (L/\g) is small. The resultant, relatively simple
algebraic expressions for the reflection and transmission coeffi-
cients give an excellent approximation in many applications of
current interest.

The work described in this paper was performed under the sponsor-
ship of the Air Force Space Systems Command, Contract No.
AF 04(695)-169.
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ANALYSIS Ot RELECTROMAGNETIC WAVE PROPAGATION
THROUGH RE-ENTRY INDUCED ~LASMA SHEATHS

Ricnard R. Gold

Aerospace Corporation
Laboratories Division
El Segundo, Galifornia

INTRODUCTION

Virtually all of our gpace programs require, for one purpose or
another, some consideration of electromagnetic wave propagation through
the re-entry induced plasma sheath or wake. Although a number of formal
solutions to the general problem of one-dimensional propagation through
stratified media have been obtained (1, 2, 3), relatively few boundary value
problems have been treated in detail {4, 5). The utility of such solutions
for design calculations is limited by the difficulty in abstracting numerical
results since the arguments and/or orders of the special functions in-
volved are complex numbers. High speed computers can be employed to
evaluate these functions or solve the boundary value problem directly,
however, it is difficult, in general, to generate meaningful computations
readily. (The reader is referred to Ref. 5 for the exact analysis involving
Fig. 1. Detailed calculations were made for L/\g = 0.5 and 1 covering
a wide range of conditions. In addition, the asymptotic expansion of the
exact solution for the Kinked- Trapezoid profile for larger values of L/\g
is relatively easy to evaluate numerically.)

As a consequence of the study of this problem (5), a simplified analysis
was obtained which is particularly appropriate to many applications of
current interest. Thus, accurate slide rule calculations of tranamission
and reflection can be made for thin plasma sheaths including arbitrary
distributions of electron density and collision frequency normal to the layer
and oblique incidence. An applied magnetic field normal to the layer is
included (for the case of normal incidence) because of the interest shown
in its use to alleviate the communication "blackout! problem. The analytical
solutions are of considerable value also in the study of related phenomena
as is demonstrated in a companion paper by Dr. M. Epstein.

ANALYSIS

A right-handed Cartesian coordinate system with the positive z-axis
vertical is chosen, and the planes z = 0 and z = L constitute abrupt bound-
aries between free space in the regions z < ¢ and z > L,, and the plasma
region 0 < z < L., The plasma is assumed to be stratified so that its
properties are functions only of z. We consider a plane wave to be obliquely




A X(z)
X F
XotF
1 - A 1 L 2
0 Zo Z, ZZ 23 y4
Fig. la. Kinked-Trapezoid Distribution of X(z)
A X(z)
X
X=X [l-exp(-uz)]
1 ] »
0 Z, Z, L z

Fig. 1b. Exponential-Homogeneous-Exponential Distribution of X(z)

Fig. 1. Specified Electron Density Profiles (Ref. 5)
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incident at the abrupt free space-plasma boundary, z = 0, with its wave-
normal in the x-z plane at an angle §31to the positive z-axis. Further, a
steady biasing magnetic field of constant induction Bg may be applied in the
positive z-direction for the case 8] = 0. The governing differential equation
for the z-dependent electric field is of the general form (2):

w(L) + (agL)A(C? - mX)w(g) = 0 )

where { = z/L, ng = 2n/\g is the free space wave propagation constant,
Ao is the free space wavelength, and C = cos 6. If no magnetic field is
applied, Eq. (1) determines the horizontally polarized field w = Ey. In
the presence of a magnetic field the governing equations for the prfopaga-
tion of boththe right- and left-handed circularly polarized waves are of the

form (1), provided that §1 = 0, where w = Fp y; Fp = E, + iE,, Fy = E, - iE.

The quantities m and X which may be functions of { are defired as follows:

2

ot Nez -1 -1
x:(ie):_:qz , m_=(1-Y-1i2) . omy =1+ Y- 12)
Eom!-ﬂ
w |e| B w
Y::_w§= ~— 0 N Z=T°E' (2)
mw

where w is the angular signal frequency, wp the plasma frequency, wg the
collision frequency, wp the electron cyclotron frequency, N is the number
density of electrons, e the charge, m the mass, and ¢q is the free space
dielectric constant. The customary boundary conditions require that w and
w!' be continuous at the interfaces {, = 0 and { = 1.

The solutions in the free space regions where X = 0 are,

W = exp (-inoLCL) + R exp (inoLC;) , {t<o , (3)
w = T exp (-injLCY) , £21 ) (4)

where R is the reflection coefficient, T is the transmission coefficient,
and the incident wave of unit amplitude is assumed to be linearly polarized,
say along the x-axis, w = Ey = exp (-ingL.C{). Applying the boundary
conditions specified above we obtain the following relations in which w
refers to the solution in the plagsma (0 £ §{ £ 1), the subscript "0" denoting
the value of w or w' at { = 0 and ""1" the value at { = 1:

wb = inoLC(w0 - 2) , R = wy - 1 , (5a, b)

wi = -inoL:Cw1 R T = exp (inOLC)W1 (6a, b)
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Integrating (1) twice with respect to { from 0 to { and using (5a), Qne
obtains the inhomogeneous Volterra integral equation of the second kind

£
w(c.)=¢(;)+(n0L)2fg_0K(4,a)w(£)d§ . 0stg] (7)
wherc:

#=wo+inglCliwg-2) . K=(-0[C*- m&)xE)] . (8)

The infinite series
2 2
wlt) = p(8) + D (nyL) "I, 8(t) "(9)
r=l

converges to the unique continuous solution of the Volterra equation (7) for
all values of ngL, in any interval in which the Kernel K({,£) is continuous;
the integral operator I is defined by the relation

4
Ig¢(§)5f K(%, §)9(8) dE (10)
§=0

Applying the boundary condition (6a) we obtain the following relation
for the unknown W

. \ 2 4 ces
wolzc(z + in,LC) - nOL[A1 + (ngL12A, + (nLy*A, + ”

= 2iC[1 + ingLC - (n,L)%A, - (ng)*K, - (ag°&, - -] . an)

A-fl %hg at A-flzdgfg (6, - £)q%h ¢
1‘€=0q 4 ’ 2"g=0q8 §1=0 1 q 1 '

A =f1 ngdgfg B -mzdefg‘ &, - £,)q°h at
3" Jg-0 5,0 1 1g2=o 2" % 2

“The integral equation formulation and resultant formal solution were
developed jointly by Dr. M. Epstein and the Author.
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where q2_= c. mX, g(§) = 1 + ingLiC - ingLCE, h(n) = 1 + ingLCn, and

A1, A2, A; are obtained by substituting h(n) = n in place of h. The number
of terms wiich must be retained will depend on the magnitude of ngL. and the
integral expressions. Solving the resultant linear algebraic equation for wq
we obtain the reflection coefficient from (5b), determine wj from (7) in a
consistent manner, and hence the transmission coefficient from Eq. (6b).

The solution outlined above involves three independent parameters,
namely, ngL, | mX| ., and the functional form of mX which affects the
integral expressions. a'iet us introduce the following notation:

5 = | mpx)l = Xl - 02+ 220173,
1 1
po=6/€'=ofd§=6}10 omme [ sesng L 2)
2! 8 2
vest[ 7 - omepae g ataste
g:o gl:o
1/2

where X '7, Z, and Y are the ratios of plasma frequency, collision
frequency, and cyclotron frequency to the signal frequency, respectively,
and £({) = m(LVX(L)/6, hence, | £| £ 1. Note that when § is very large it is
essentially a measure of the maximum magnitude of the index of refraction
n¥(nk® = 1 - mX), that is,

?

6= | nX for 6§ >> 1
max

It should be noted also that the maximum magnitudes of the integrals,
corresponding to | f| = 1, are of the order: | uil~ 1,] p’1| ~1/2, Fv'|~ 1/6.
The actual magnitude of these quantities maybe substantially smaller in
view of the variation of mX. To illustrate, let Z = w./w be constant so that
the functional dependence is real, say of the quadratic form:

f(t) = mX(¢)/| m| Xy = 4m({ - t2)/| m|, where m is now constant and X)

iz the maximum value of X in the plasma. The corresponding magnitude of
wh, !, and v' is 2/3, 1/3, and 1/45, respectively; the latter is almost an
ofder of magnitude less than the maximum value noted above.

Further examination of Eq. {(11) shows that in order to obtain
reasonably simple expressions for calculation pu: poses the quantity ngL
should be at most of order 1. Assuming that ngL (z¢, say) << 1
and [pgl, [wii, and C are of order 1, expressions for the reflection and
trangmission coefficients are obtained by systematically ordering 6 and
| v'| with respect to €. The following principal results are obtained subject
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to the formal requirement:

(noL)3X2(L) 18 (6, - E)M(E)E(E) dE, d&
max (1 - )% + 2%t ~/g‘:oo/§‘1:0 : : :

<0(1) . (13}

l(n L) v]

max

{A number of re-entry communication applications can be shown to aatmfy
this condition as will be noted in the next section.) For 6 = 0(1/e ) [that is,
the maximum magnitude of the index of refraction is of order (n Ly-1]:

_-mpLug + (noL) (2iCu) - iCpg + nyLw) -
R = — + 0%y, (14)
ngLig + [2iC + (nyL)(iCu ~ nyLw)]

T = 21C r 03y . (15)

2
ny Ly, + [2iC + (nyL)“(iCpy - noLv)]

In this case, |R| 0(1), |T| O(e). If 8% 0(1/6:2 Eqs. (14) and (15) can
be further simplified; in particular, when (n L)y 0(e ), the zeroth
order solution for the transmission coeff:.cient becomes

T= —"c%f—i,—*o(‘) . (16)

Equation (16) is valid formally, therefore, if § = 0(1/¢) [ that is, | m%|

of order (n,L)*1/2] and |v'| = 0(e). It is also valid, to the g:.ven orddB®*
if 6 = 0(1), regardless of the value of |v'| in which case |R| = 0(¢) and
| T = 0(1), as expected. The same limiting result was obtained in the
appendix of Ref. 1 using a delta function representation for mX in Eq. (1).

DISCUSSION

By means of the preceding formal consideration, relatively aimple
expressions have been derived for R and T involving integrals of the form
shown in Eq. (12). The solutions are valid for small values of nyL,
provided that | (noL)3v| is at most of order 1 [ Eq. (13)]. 1f 6 <0(1/e),
accurate results may be obtained from the simple zeroth order solution

16). When & = 0(1/e2) =~ | n’-‘2| masx: Eq. (15) should be used in which case

T| << 1. In the remainder of this section we will analyze these results
quantitatively using available exact solutions. An illustrative application
will be cited also to demonstrate the appropriateness and utility of the
present solutions. It is of particular interest, however, to emphasize the
following observation. The solutions (14), (15), and (16), perhaps fortui-
tously, g1ve the correct l1rn1t:mg values, |R| =1 and |T| = 0 as § -~ o for
fixed no . In addition, since (14) and (15) apply when | R| is close to one
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and T is small, useful results may be obtained even outside the formal
interval (13) (in the analysis of propagation through re-entry plasma

sheaths, for example, accurate estimates are frequently not necessary in
such casesg). This point will be examired also in the following discussion.

Exact solutions to the present boundary value problem using the
differential Eq. (1) were derived in Ref. 5 assuming constant collision
frequency and the two classes of electron density distributions shown in
Fig. 1. In this case,

2 ]
g =mXpe, . v=(mXpie, ,  s=x[(1-1?+ 2% 1/2

where,

1 1 €
-f xa . f f (8, - E)x(E )X(E) db, b
‘0 Lox 2 fpzoJg =0 1T IR

X(¢) = X(g)/X;, X, is the maximum value of X({) in the interval and m is
constant%Eq. (2)]'. For the exponential profile c¢g = 0.62 and ¢ =-0.0382,
when z)/L = 0.5, aL = 3, Similarly, for the triangular distribution
(Xo/X) =2g/2y, 21/L=0.5) cqg=0.5and c3 = -0,0292. The exact values
obtained for the exponential profile (normal incidence) are compared with
the present %p roximate results in Figs. 2 through 5. The parameters

§ and | (npL) vﬁ’ are annotated on the graphs.

%ince 8 is at most of order 1/ngL in Fig. 2 (ngLs = 0.00628) and
| (ngL)®v|] << 1, the zeroth order results obtained from Eq. (16) cannot be
distinguished from the exact values. A similar situation exists in Fig. 3
(ngl. =0.0628 for Z = 10 and 100. For Z = 1 the formal limit (13) is
satisfied. Agieement is good at X; = 1, UU0 using (16) even though
§=0] 1/{ngL)%] and is excellent when the appropriate Eq. (15) is used.
Note the small level of tranzmission involved, naa.mely db_ = -24.60. In
Fig. 4 (npL = 0.628), (nyL)48 = 4,07 and [(ngL)7v| ='1.0'at X; = 14.6.
The agreement indicated for larger values of X) is due in part to the
fortunate form of the solutions discussed above. Thus, depending on the
accuracy required, (16) or (15) may be used to_estimate transmission for
values of X; as large as 100 [|(ngL)3v| = 47.2] where the level of trans-
mission i8 extremely small, The present results are considerably less
accurate in Fig. 4 than in the preceding two figures (for the same value
of the parameter) due to the increase in nyL. It follows that for smaller
values of nyL substantially better agreement is obtained than shown in
Fig. 4 for the corresponding value of | (ngL)”v| >> 1. A non-zero value of
Y for a given set of conditions would decrease § and hence improve the
correlation, as shown in Fig. 5. The parameter | (noL)3v| is reduced by
an order of magnitude for Y = 5 so that it is equal to 1.38 at X; = 50, The
level of accuracy at this point and for larger values of X is comparable
to that shown in Fig. 4, however, by contrast, larger losses are now pre-
dicted by the approximate expressions.
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To demonstrate the applicability of the present analysis, a 10-degree
half-angle cone was considered at zero angle of attack. Equilibrium
boundary layer calculations were made for a range of flight conditions
(22, 000 to 26, 000 ft per sec re-entry velocity at altitudes from 50,000 to
150, 000 ft) to determine the maximum enthalpy and temperature, from
which the maximum plasma properties were obtained. The boundary layer
or slab thickness was computed for a wall temperature of 1500°K and axial
length of 11 ft. Several detailed computations resulted in the following
interesting conclusion with respect to the actual variation of collision
frequency we e The maximum value occurs at the outer edge of the boundary
layer. As rhuch as an order of magnitude decrease may be experienced
from this value to the minimum value in the boundary layer. A hot wall
condition would result in a subsequent increase as the wall is approached.
One can show readily, however, that in thin re-entry induced plasma
sheaths of this type the strong variation in w_ occurs in those regions in
which the plasma frequency is small. The use of w_ = constant, evaluated
at the point where X = Xj, is a good approximation, therefore, since the
integrated value of the product m(z)X(z) i{s only slightly altered.

Frequencies of 240 Mc and 3 kMc were assumed. A quadratic dis-
tribution of X was considered based on the maximum values and the cor-
responding constant value of Z was computed. In every case it was found
that | (ngL)3v| < 1. It was found further that the conditions calculated were
all within the parametric range included in Figs. 2 through 4. Extremely
accurate transmission calculations would be obtained from (16) for the
majority of the cases considered since ngl. << 1. Sufficient accuracy would
be obtained also using (16) in the several cases where ngli = 0.7 since the
maximum value of X involved was less than 10. More specific examples
of interest may be derived using the results given in Ref. 6.

CONCLUSION

A formal series solution has been obtained which is found to be
particularly useful in the analysis of plane electromagnetic wave propagation
through re-entry induced plasma sheaths or wakes. Arbitrary variations
of the plasma properties in the direction normal to the layer and oblique
incidence are considered. A constant magnetic field applied normal to the
layer is included for the case of normal incidence. Simple expressions are
obtained for the reflection and transmission coefficienfs when L/ko is small.
In particular, if ngL = 2rL/Ag = € <<1 and if & = 0(1/¢“) [ that is, the
maximum magnitude of the index of refraction is of order 1/¢], R and T are
given by Eqs. (14) and (15), respectively. The limiting solution (16}, for
8<0(1/¢), which was obtained in Ref. 1 by a different method, is extremely
convenient for calculation purposes due to the simplicity of the complex
algebra involved and the absence of complicated integral expressions (ug
can be evaluated readily, say graphically). Although | (nOL)3v| <1is
required [ Eg. (13)], the form of the approximate solutions is such that
useful results may still be obtained outside this range.

i
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The accuracy of these expressions was established using the exact
solutions obtained in Ref. 5 for the case of normal incidence, constant
collision frequency, and the electron density distributions shown in Fig. 1.
Excellgnt agreement was found using the zeroth order solution (16) when
[ (nyL) v| << 1, that is,

(noL)3c2x‘;‘[(1 -+ 2217 <<

as shown in Figs. 2 through 5, where X, is the maximum value of X and

Cp = -0.0382 for the exponential profile assumed. Although (16) ceases to
be valid formally as this parameter approaches one and (15) should be used,
accurate results are nevertheless still obtained from the former. By the
same token, Eq. (15), and to some extent (16), continue to be useful even
for large values of the parameter, particularly when noL << 1.

Results of calculation for a 10-degree half-angle cone at zero angle
of attack was considered to demonstrate the applicability of the present
analysis. A large number of conditions of interest were examined. In
every case it was found that | (n L.)3v| < 1. The conditions computed were
all within the parametric range included in Figs. 2 through 4, and it was
establigshed that (16) could be used to provide accurate transmission
calculations.
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INTERACTION OF HIGH POWER MICROWAVES WITH A REENTRY
VEHICLE PLASMA SHEATH

Melvin Epstein
Aerospace Corporation
Laboratories Division
El Segundo, California

ABSTRACT

An exact solution has been derived for the propagation of electro-
magnetic waves through an inhomogeneous plasma slab. Although
the solution is expressed in terms of an infinite series, an accu-
rate approximation is obtained using just the first two terms
provided that the slab is sufficiently thin. This result is used in
developing an approximate analysis of the interaction between a
strong electromagnetic wave and a thin plasma sheath., The re-
sults of the analysis indicates that even at power levels below
breakdown, the absorption of electromagnetic energy by the
plasma may significantly alter the propagation characteristics of
the plasma., Further, the presence of plasma in the irradiated
region is found to markedly affect the character of the breakdown
process. Small amounts of plasma are found to eliminate break-
down in the usual sense. Instead, the electron density increases
rapidly, but continuously, as the incident power is increased.

The work described in this paper was performed under the
sponsorship of the Air Force Space Systems Command, Contract
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INTERACTION OF HIGH POWER MICROWAVES WITH A REENTRY
VEHICLE PLASMA SHEATH

Melvin Epstein
Aerospace Corporation
Laboratories Division
E] Segundo, California

INTRODUCTION

Considerable effort has been spent in recent years studying the inter-
action between electromagnetic waves and plaemas. Much of this research
has been motivated by the problem of propagation of electromagnetic signals
through the plasma sheath surrounding re-entry vehicles for the purpose of
communication. It ia now well known that the ionized gas layer which
surrounds a vehicle re-entering the earth's atmosphere impedes the trans-
mission of electromagnetic waves from the vehicle. Both analytical and
experimental investigations have shown that only a certain fraction of the
energy of the electromagnetic wave emanating from the antenna leaves the
environment of the vehicle. The rest of the energy is partially absorbed by
the plasma and partially reflected at the plasma vehicle surface. The
fraction of the energy that is transmitted depends principally on the electron
density, collision frequency, signal frequency, and thickness of the plasma
sheath. The way in which the fraction of transmitted energy depends on
these parameters is fairly complicated; but generally speaking, the larger
the ratio of plasma frequency to signal frequency, and/or the ratio of sheath
thickness to wave length, the smaller will be the transmitted energy.

Several methods have been proposed for increasing the amount of energy
transmitted from the vehicle. Perhaps the most effective method is to
reduce the angle of the nose cone to a small value. In that way the inviscid
flow becomes relatively cool and the sheath is confined almost entirely to
the viscous boundary layer.

Another possible scheme for the improvement of transmission is to
apply a dc magnetic field along the direction of propagation. A sufficiently
strong magnetic field has been found to increase the net energy transmitted.
Such a device appears as an attractive solution for those vehicles with
sufficient spare weight and room to accommodate the necessary equipment.

Although transmission may be considerably increased by these tech-
niques, the effects of attenuation and reflection may still degrade the
transmitted signal to an unacceptable level. In that case one must use a2
more powerful transmitter to obtain a satisfactory level of transmitted
energy. However, if the energy density of the electromagnetic fieldbecomes
very large, then that part of the energy absorbed by the plasma may signif-
icantly alter the propagation characteristics of the plasma. In particular,
one would expect that the increased energy level of the plasma would result
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in an increase in electron density. If this occurs, it is conceivable that the
resulting increase in attenuation and reflection may actually reduce the net
transmitted power. In fact, if the electric field becomes sufficiently intense,
then electrical breakdown of the plasma will occur and the incident signal
will be almost totally reflected.

It is the purpose of this paper to present an approximate analysis which
will allow the prediction of the breakdown power level and the strong inter-
action at power levels below breakdown. The analysis proceeds in the
following manner. First, the plasma sheath in the vicinity of the antenna is
approximated by a constant thickness plasma slab whose properties vary
only in the direction of propagation (see Fig. 1). An exact formal solution of
Maxwell's equations is then developed for such a plasma slab, It is then
shown that if the ratio of the thickness of the slab to the free space wave
length is sufficiently small, the exact solution can be approximated by a
simple expression which involves only the average values of the plasma
properties. From this development, it is possible to write a simple ex-
pression for the energy absorbed by the plasma from the electromagnetic
field in terms of the average values of the plasma properties. Since the
interaction changes the electron density and collision frequency, the new
plasma properties are not known. Therefore, the next step is ta write an
energy balance equation which relates the change in the plasma properties
to the amount of energy added. By solving this equation simultaneously with
Maxwell's equations, it is possible to determine the new state of the plasma
and the amount of energy transmitted.

SOLUTION OF MAXWELL'S EQUATIONS*

Attention will be restricted to advanced type reentry vehicles (i. e.,
vehicles with small cone angles). In that case the plasma sheath is confined
entirely to within the boundary layer. Since the boundary layer grows rather
slowly, it will be assumed that the boundary layer thickness is constant in
the region of the antenna, All boundary layer properties will be assumed to
be functions only of z, the distance along the normal to the vehicle surface.
In addition, it will be assumed that the antenna emits plane waves. These
last two approximations may be very poor in some cases but they are
generally accepted as necessary because of the present state-of-the-art in
this field, For simplicity, the present analyais will be restricted to normal
incidence at the plasma-surface interface. However non-normal incidence
does not introduce any essential difficulty.

*The formal development of the exact solution to Maxwell's equations dis-
played in this section was accomplished jointly by Dr, R. R. Gold and the
author. Subsequent developments of this approach followed by Dr. Gold
and the author follow somewhat different lines because of the different
applications being considered.
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Under these conditions, Maxwell's equations may be reduced to the
following form:

2 . 2
E 9 E

-786 =u§%+eu Taa (1)
Z t

where E is the electric field strength, e is the dielectric constant, u is the
permeability, and j is the current density. The current density may be

related to the electric field strength by means of the electrical conduc-
tivity, 0. *

2
. __ne
J'GE_mZv+1w'$E @

where n is the electron density, e is the electron charge, m is the electron
mass, v is the collision frequency, and w is the signal frequcncy. In this
problem n and v are assumed to be arbitrary functions of z. If Eq. (2) is

substituted into Eq. (1) and the following nondimensional notation is intro-
duced [assuming E = Eq exp(iwt}]

E
0 z
E=g, + v g . B=¥%
i
(3)
2
iX X_w ne 7 =Y
CTZTFL O T T T 7 ¢ T w

where Lpi 18 the amplitude of the incident wave, § is the slab thickness, and
\ is the free-space wave length, then Eq. (1) reduces to

2
iji—é; +p%1 - )€ =0 (4)
y

where a is a function of y.

Equation (4)is the classical Helmholtz equation which arises in the study
of propagation of waves through plane, stratified media. Exact analytical
solutions to Eq. (4) have been obtained only for certain special forms of a(y).
(See (1) for a review of the exact solutions.) It will now be demonstrated

how a formally exact solution of this equation can be obtained for arbitrary
a(y).

E:
At very high field strengths the conductivity depends on the field strength,
However, for air, the appropriate form for this nonlinear effect is not yet

known. Hence, in this paper, the classical form displayed in Eq. (2) will
be used.
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If Eq. (4) is integrated twice with respect to y, then, with the help of an
integration by parts, it takes the form

Y
8ly) = Fly) +pzf Kiy, n) €(n) dn (5)
0
where
. a€ _ )
Fy) = £(0) + (W),mo y= €&+ Ey (6)
and
Kly,n) = - y)[1 - a(n)] (7)

Equation (5) is a Volterra integral equation of the second kind. Its
exact solution is given by (2)

& 2
Ely) = Fly) + }:1 BU K F(y) (8)
iz
where K is an integral operator defined by
X
Kitx) = [ K(x, £)6(6) o (9)
0

I

The constants €o and 50 are determined by requiring that the electric
and magnetic fields be continucus at z = 0 and 6. The details of this part of
the calculation will be indicated shortly. The theory of integral equations
guarantees that in the limit as i » o, Eq. (8) converges to the solution of
Eq. (4) regardless of the value of 3, provided only that a be continuous. In
practice, the evaluation of more than just the first few terms in Eq. (8) may
become tedious. However, examination of the structure of Eq. (8) indicates
that convergence should be rapid if 8 is small and a does not become
too large.

For the physical conditions of the present problem, § is generally a
very small number. For example, for a frequency of 109 cps at a point
one ft back on a six deg cone moving at Mach 18 at 50, 000 ft altitude,

g ~1/3000. Itwill now be shown that if the average value of the magnitude
of a is at most of order of magnitude, 1/8, then the first two terms in
Eq. (8) provide a simple and accurate golution to Maxwell's equations.

It can be shown (see (2)) that if only the first two terms in Eq. (8) are
retained, then the error incurred is of the order of

82k&0)y) (10)
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where 6(0)(y) is the zeroth approximation to €. Since &= 0(1) and the
operator K = 0(a) = 0(1/8), the error is seen to be 0{g). The first two terms
of Eq. (8) are

4 )
Ely) = &, + €y +(32_/(; (n - yNE + EmIR - am)] dn (11)

]
The constants €0 and 30 may be eliminated by requiring that the electric and
magnetic fields in the plasma be continuous with the corresponding fields in
the free space regions z <0 and z > 6. For this problem, it can be shown
that continuity of the magnetic field is equivalent to continuity of dE/dz.
Differentiating Eq. (11), one obtains

' y |
%Egl =€b'62(€oy +-12-€Oy2)+[32‘/0‘ (€0+€0ﬂ)‘1 dn (12)

For the free space region, z< 0, a = 0 and the solution is

€ly) = exp(-ipy) + R exp(ipy) (13)
where the first term represents the incident wave, the second term repre-

sents the reflected wave, and R is the reflection coefficient. For the free
space region, z > 6, q is also zero and hence

E(y) = T explip) exp{-ipy) (14)

where T is the transmission coefficicnt.

Equating Eqs. (l1) and (13) and their respective derivatives aty = 0
yields
1 +R= & (15)
ip(R - 1) = €(‘) (16)
Equating Eqgs. (l11) and (14) and their respective derivatives aty =1

yields
21 1 2 1 2
8+ €5 8%(7 & +56€y) 8 fo [ €6~ (& - Epm - &4 ]u(“) dn =T
(7)

1
& - 8%, +5 &) +BZ_/(; (€4 + Ehndaln) dn = -i6 T (18)
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If o were known, Eqs. (15), (16), (17), and (18) could be solved
simultaneously for T, R, éb and €p. Since the integrands involving a
appear in the form nfq, it is convenient to define the moments of a,

1 n
S} nPaln) an .
B, = == (n +1) a{n) d (19)
o j(.) ry ‘/0. n n

Then, Eqs. (17) and (18) become
M K
(20)

& - ﬁz(é‘o +3 Eb)+ ﬁz(éouo + & “21) = 8T (21)

Solving Eqgs. (15), (16), (20) and (21) simultaneously and dropping terms
which are 0(g), one obtains

"
& =7 pmg (22)
€5 = 0(p) (23)
‘390
R= - oo Big (24)
T =2l (25)
1+ ‘al"'o

It is seen that, neglecting terms of 0(B) (which, as previously pointed
out, is extremely small in the problem considered here), these constants of
integration depend only on the average value of a in the boundary layer.

The quantity of principal interest here is the rate at which energy is
deposited into the plasma from the electromagnetic field. This can be
determined by calculating the difference between the energy entering the
plasma at z = 0 and the energy leaving the plasma at z = 6. The flux of _
electromagnetic energy across a surface is given by the Poynting vector P,

P T S——

P=EXH (26)
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Integrating over a cycle of the electromagnetic field, the time averaged flux
can be shown to be

= _ oy af
- - 1

where the tilde denotes a complex conjugate value. Applying this to Eqs. (11),
(22), (23), (24) and (25), one finds that the ratio of the rate at which energy
is absorbed by the plasma to the rate at which energy is incident on the
plasma is

W -
—W‘-:—=1-RR-T'T (28)

1

where R and T are given by Eqs. (24) and (25), It is noted that the rate at
which energy is absorbed by the plasma depends only on the average value
of a, if terms of O(B) are neglected, Hence, if a reasonable approximation
is available for the distribution of the electron density and the collision
frequency, and the rate at which energy is being emitted by the antenna is
known, then the rate at which energy is being absorbed by the plasma can be
determined. Since the plasma properties in the presence of an intense
microwave field are not known, Eq. (28) must be solved simultaneously with
the equations describing the response of the plasma to an energy source.

An approximate model for this part of the problem will be developed in the
next section,

THE ENERGY EQUATION FOR THE ELECTRONS™

In order to evaluate Eq. (28), one must be able to determine the elec-
tron density and the collision frequency. The latter in turn depends on the
clectron temperature, since for a slightly ionized gas

8kT

_4pQ e
v = 3mn Tm (29)

where p is the gas density, Q is the electron-neutral collision cross section,
my is the neutral particle mass, and T, is the electron temperature. The
electron temperature is necessarily different from the neutral gas tempera-
ture since the electromagnetic field acts directly only on the electrons (the
ions are too massive to be significantly affected at microwave frequencies).
The electron temperature can be determined by striking a balance between
the energy gained by the electrons from the microwave field and the energy
lost by the electrons to the neutrals by elastic and inelastic collisions. In

T
“The author wishes to thank Dr. T. A. Jacobs for his discussions regarding
the developmert* of the energy equation.
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general, it is rather difficult to write an accurate version of such an energy
balance because the various processes are quite complicated and the rates
at which they proceed are not well known, eapecially in the presence of an
applied electromagnetic field. Attention will therefore be restricted here to
a particular limiting case. This is consistent with one of the objectives of
this paper, that is, to show the existence of a problem area (that is,
increased attenuation at pre-breakdown power levels) which has apparently
not received sufficient consideration.

It will henceforth be assumed that all reactions induced by the applied
electromagnetic field have characteristic times much smaller than the time
it takes for a particle to flow through the irradiated region. That is, it will
be assumed that the plasma is in a quasi-equilibrium state defined in the
following way. The electrons, having absorbed energy from the electro-
magnetic field, will undergo both elastic and inelastic collisions with the
neutrals. The inelastic collisions will take the form of excitation of the
electronic degrees of freedom of the neutral particles, and ionization. For
the species present in air, the principal energy absorbing type of collision
is the excitation procass. Even though the excitation energy is somewhat
less than the ionization energy, its cross section is very much greater. On
the other hand, unless the electron temperature becomes extremely large
compared to the gas temperature, the rate of energy transfer through
excitation greatly exceeds that due to elastic collisions. (That this is indeed
the case may be assured by an aposteriori calculation of the final electron
temperature. ) In addition, if the total amount of energy added to the gas per
second is much less than the flux of total enthalpy of the gas through the
irradiated region, the density and temperature of the gas will not change
perceptibly. Both this assumption and the assumption of very fast reaction
rates will be valid if the pressure is sufficiently hich zince then both the
collision rates and the energy density of the gas will be high. This develop-
ment implies that the model just described will be most accurate at the
lower altitudes. Hence, it will be assumed that all of the gas except for the
free and bound electrons are at a temperature T, which is the temperature
the gas would have in the absence of the applied electromagnetic field. The
bound electrons and the free electrons will be assumed to be at a tempera-
ture T,. It will be assumed that the bound electrons have the energy that
they would have if they were in equilibrium with their parent atom at a
temperature Te. This is a conservative estimate since if they had less
energy, the free electrons would be even more energetic and the amount of
ionization caused by direct impact between an electron and a neutral particle
would increase.

It will be further assumed that the ionization level instantaneously
adjusts itself to the value given by an approximate form of the Saha
equation, that is,

n = n, exp[(~-1/2kTNT/T, - 1}] (30)

where ng is the electron density in the absence of an applied electromagnetic
field. This approximation is based on the observation that for small degrees
of ionization, the Saha equation predicts that the electron density varies
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essentially as exp(-1/2kT). That is, the electron density depends most
sensitively on the ratio of the ionization energy to the thermal energy of the
electrons. It seems reasonable to extrapolate Saha's equation to the present
quasi-equilibrium situation by using the local electron temperature rather
than the gas temperature. In that case Saha's equation becomes Eq. (30).

Using this model, it is possible to write an energy equation for the
electruns in the irradiated region in the following way. The net enthalpy
flux out of the irradiated region is (for the conical geometry of Fig. 1)

& &
5 + 5 + =
2nr1j(; (7 nlkTeu +u Ei nilIi) dz-Z-rrro‘[0 (2- nokTu +u 21: nioli)dz =H, - H,

(31)

where subscripts 0 and 1 denote conditions at the upstream and downstream
edges of the irradiated region, respectively, r is the local cone radius, nj
is the number of positive ions of the ith gpecies, and Ij is the ionization
energy per particle for the formation of an ion of the ith species.

According to the principle of conservation of energy, the above net
enthalpy flux must be equal to the flux of energy into the electrons from the
electromagnetic field W3, minus the flux of energy out due to inelastic
collisions. According to the model that has been assumed, the last term is

6 ,Te Z ol
2nr f j pu a, Cp, dT_dz
1Jo Jr T hohoe

where aj is the mass fraction of the ith gpecies and Cpiel is the contribution
of the electronic degrees of freedom to the specific heat of the ith species.
The energy equation for the electrons then takes the following form.

H (32)

m

el

H, ~-H.=W - H
e

17 Ho = Wap (33)

1

Equation (33) must be solved simultaneously with Eq. (28) to determine
the final state of the gas and the propagation characteristics of the plasma.
The solution of these equations for some typical re-entry conditions will be
illustrated in the next section.

DISCUSSION OF RESULTS

Before proceeding to some typical calculations, it is useful to invoke
some simplifying approximations pertinent to advanced re-entry vehicles.
For slender nose cones, provided that the antenna is not too close to the
cone apex and that the antenna is not very long, one may take rj ® r(.
Further, if the electron temperature does not become very great, most of
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the additional ionization will result from one particular reaction. The
following approximation will then be valid:

2 (nf 1 - nf L) =0y - ng)I (34)
i 1 0

where I is the ionization potential per particle of the dominant ionizing re-

action. [For air in cone boundary layers on advanced reentry vehicles, the

species with the lowest ionization potential that is present in reasonable

guantities, is NO; I = 9.5 eV (Ref. (3)]. Further, the first excited state of

the oxygen atom (=1.97 eV) is considerably lower than that of any of the

other principal species. Hence unless the electron temperature becomes
very high, it is reasonable to assume that

el ef
where here the subscript 0 stands for oxygen atoms,

Using these approximations and the following non-dimensional notation

T
yeg + V=g- ., T=E=om (36)

where ug is the inviscid flow velocity outside the boundary layer

(ue = constant for a cone), Eq. (33) may be written as

1
Wy = 51rrkue5./; t{exp [ (I/2kT)(* - 1)/7] - 1§n0Tde

1
+ anuelzé-/; fexpl (1/2kT)(T - 1)/7]- 1 }nOV dy

1 T
PR, ! ef
b j(; pVTao[j; CpO(Tw)dw] dy (37)

whereas Mo which enters into Eq. (28) becomes

.2 1 [(1/2kTXT - 1)/
Fo = ~— Toferet . Al dy (38)

emw . 4pQ 8kT
0 1t 3wmn ™ NT
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Equation (37) must be solved together with Eq. (28) which also contains
integrals of functions of t. Since an integral formulation of the problem has
been given, one cannot hope to determine a unique variation of T with y.
However, if a reasonable form for the dependence of T on y is assumed con-
taining one arbitrary constant, then the simultaneous solution of Eqs. (28)
and (37) will give the value of that c~nstant. * As a first approximation, it
will be assumed here that the electron temperature profile has the same
shape as the neutral gas temperature profile. In that case T is independent
of y. Although this is certainly not accurate, the fact is that the integrands
contain either the electron density or atom concentration as factors. Since
both of these are rather sharply peaked near the center of the boundary
layer, the detailed shape of the functions which multiply them do not affect
the values of the integrals very much.

Since Eqs. (28) and (37) are nonlinear in T, the simplest way of carrying
out the calculation is to assume several values of r and evaluate Wy}, from
Fq. (37) (2ssuming that the unperturbed boundary layer profiles are known),
To each value of T there corresponds a particular value of Wy, the total
energy absorbed by the plasma in the irradiated region. Since the properties
of the plasma vary between the upstream and downstream ends of the irradi-
ated region, it is proper to evaluate Eq. (28) using some mean properties
in the irradiated region. The procedure used is perhaps best described
with the use of Fig. 2 which shows the total energy absorbed as a function
of T at the downstream end of the irradiated region. For the case where
T = 1] at the downstream end of the irradiated region, the energy absorbed
is Wah(t)). It seems proper to evaluate Eq. (28) at a point in the irradiated
region where half of this amount of energy is absorbed. This defines a
value of T2 (which is a function of 7)) as shown in Fig. 2. Using this in
Eq. (28) and W3, from Eq. (37), the value of Wi which is necessary to give
T = T) at the downstream end of the irradiated region can be found. ‘

This procedure has been used to calculate the interaction between a
strong microwave signal (frequency = 109 c¢ps) and the plasma generated by
viscous dissipation in the boundary layer of a 6 deg semi-apex angle cone.
The boundary layer properties are taken from the equilibrium flow field
calculations of Ref. (4). The irradiated region is taken to be approximately
one ft downstream of the apex of the cone. The results presented in
Figs. 3-6 are for a vehicle altitude and Mach number of 50, 000 ft and
18. 4, respectively. Results are shown for four different wall temperatures
(1500°, 2500°%, 3500°, and 4500°K). Figure 3 shows the variation of ab-
sorbed power, Wy}, as a function of T as calculated from Eq. (37). These
curves are seen to be rapidly varying functions of . This may be explained
by noting that the dominant term in Eq. (37) is the one corresponding to
electronic excitation. Since the contributions of the electronic degrees of
freedom vary essentially exponentially with electron temperature, the power
absorbed curves vary in a similar way.

“This is somewhat analogous to the integral method in boundary layer theory.
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The curves of Wab/wi' as determined from Eq. (28), are shown in
Fig. 4 as a function of r. These curves are characteristically peaked at
some moderate value of r. For the particular physical conditions con-
sidered here, the unperturbed plasma is under-dense and the absorption is
small. As the electron temperature is increased, the modified Saha equa-
tion requires that the electron density also increases and the relative
absorption increases. When the plasma becomes over-dense, the absorption
decreases again, going to zero as the electron density becomes very large.

These curves may be combined in the manner described above to show
the variation of r with W;, the incident power level (Fig. 5). These curves
are characteristically S-shaped. At small incident power levels the small
fraction of absorbed power increases the electron density and temperature
slightly. This increase makes the plasma slightly more absorptive. When
the power level is increased, a greater fraction of the incident power is
absorbed. This situation further increases the absorptive properties of the
plasma, leading to a faster and faster increase in electron temperature and
density as the power is incrcased. This condition eventually leads to a
catastrophic situation where the tangent to the curve becomes vertical. For
slightly higher electron temperatures, a stable situation does not exist. A
further increase in power results in a vertical jump to the upper branch of
the S-curve. The incident power corresponding to this situation is therefore
the breakdown power. Note that after breakdown has occurred a reduction in
power is possible along the upper branch of the S-curve. When the upper
vertical tangent is reached, a discontinuous change in plasma properties
again occurs as the incident power is lowered and the solution jumps again
to the lower branch. Thus, the familiar hysteresis associated with elec-
trical breakdown of gases is both predicted and explained by this calculation.

An important result to note here is that at the higher wall temperature
{which produces a higher unperturbed electron density level) breakdown does
not occur in the usual way. The reason for this can be explaine% by re-
ferring to Fig. 4. It is seen that for a wall temperature of 4500 K, the
relative absorption for the unperturbed plasma is already close to its
maximum. Although a slight increase in power makes it slightly more
absorptive, further increases in power decrease the absorptivity and the
catastrophic situation described above never develops. This is not meant
to imply that large changes in electron density do not occur, but rather that
the change in electron density varies continuously with change in incident
power. Thus, the presence of plasma may significantly affect the character
of electrical breakdown.

From the shapes of the curves in Figs. 3-5 one may conclude that if the
absorptivity (that is, W31,/ W;) of the unperturbed plasma is at a point to the
right of the maximum /[ that is, if d(W4,/Wi)/dr < 0], then a classical or
"jump'' type of electrical breakdown cannot occur. Only if the unperturbed
state is sufficiently low on the left hand side of the absorptivity curve may
the classical catastrophic breakdown occur. This phenomenon, of course,
is exactly what happens in the classical, initially plasma-free, breakdown.
In that case the electric field in the irradiated region is equal to the incident
field since there is no plasma (except for the few ambient free electrons) to
modify the field. This situation persists until the few free electrons present
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gain enough energy to increase their ionization rate above the recombination
rate (at least for high pressure breakdown). When this occurs, the gas
undergoes a tremendous increase in absorptivity leading to a catastrophic
breakdown. On the other hand, if the unperturbed gas is already ionized,
then the electric field strength within the plasma may be quite different from
the incident field strength. The absorptivity may be rather high to start
with so that a considerable fraction of the incident energy may be readily
absorbed. Thus, rather large changes in plasma properties may occur at
field strengths well below those predicted neglecting the presence of the
plasma.

To illustrate this, the variation of the loss in transmitted power as a
function of incident power level is shown in Fig. 6. In the particular ex-
ample shown, the boundary layer is so thin that nearly perfect transmission
is obtained at all power levels below breakdown., However, the significant
effect of power level on the relative power loss is apparent. For other
conditions where the transmitted power level may be calculated to be
marginal at low field strengths, incréasing ihe incident power level may
actually lower the transmitted power level. This is especially the cage for
an overdense but thin plasma sheath, such as, for example, the 4500°K
wall temperature case in Fig. 6.

These new effects are even more pronounced at higher altitudes where
the Mach number and hence the unperturbed electron density are highexr.
Typical results are shown in Figs., 7 and 8 for the same configuration at an
altitude of 75, 000 ft and a Mach number of 21. 6. At small power levels the
degradation of the signal is still acceptable although somewhat greater
because of the increased electron density and boundary layer thickness.
However, it is seen that at the higher wall temperatures the transmitted
signal may be degraded to an unacceptable level without obtaining breakdown
in the usual sense, if the power delivered to the antenna is too large.

In all cases, it is noted that once breakdown occurs, increasing the
incident power results in a slight further reduction in transmission
coefficient.

CONCLUSIONS

An exact solution has been derived for the propagation of plane, trans-
verse, electromagnetic waves through an inhomogeneous plasma slab for
the case wherein the inhomogeneity is in the direction of propagation. The
solution takes the form of an infinite series. If the slab thickness is small
compared to the free space wave length of the signal, the first two terms
of the series provide an accurate solution even for highly over-dense
plasmas.

Using this solution, an approximate analysis of the interaction between a
strong microwave signal and a thin plasma sheath was developed. Illustra-
tive calculations were presented for the case of a microwave signal propa-
gating through the plasma sheath formed in the boundary layer of a reentry
vehicle nose cone. The following conclusions are drawn from these results:
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The energy absorbed by the plasma from the electromagnetic field
at power levels below breakdown may significantly alter the propa-
gation characteristics of the plasma. It seems reasonable to
expect that under certain conditions, increasing the power emitted
by the antenna may reduce the power transmitted through the
plasma sheath.

The presence of plasma may significantly alter the breakdown
characteristics of the gas. The calculations indicate that
increasing amounts of ambient plasma lead to a lowering of the
power level required for breakdown. In fact, if the ambient elec-
tron density is sufficiently high, the classical type of electrical
breakdown does not occur. Instead, the plasma properties change
continuously as the incident power level is increased.

Once breakdown has occurred, increasing the incident power level
still further results in a slight further decrease in transmission
coefficient.

It is concluded that interactions of the sort just described should
receive consideration whenever high power microwave or telemetry equip-
ment are used on re-entry vehicles.
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ABSTRACT

A Monte Carlo simulation of multiple re-entry vehicle delivery is presented,
followed by applications and results. The model is unique in that it has six options
which permit a variety of inquiries with economy in cost and time. Applications
reveal advantages in using multiple re-entry vehicles (R/V's) in comparison with a
larger single R/V, to attack point and area targets and spaced multiple targets,
Optimum aimpoint patterning relative to R/V survival probability is discussed,
Mission effectiveness and systems error analyses are made and the translations to
R/V design criteria are indicated. The investigations may help to develop a future
course for military technology in re-entry systems,

The work described in this paper was Company sponsored,
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INTRODUCTION

If two or more re-entry vehicles are given trajectories with a single missile
booster, their denotation is "multiple re-entry vehicles." The purpose of this paper
is threefold: (1) to present a method for simulating the use of multiple re-entry
vehicles, (2) to review some principal applications, and (3) to discuss a few results of
the investigations.

Re-entry vehicle delivery analysis must consider statistically distributed parame-
ters. For example, there are the bias errors of missile guidance and attitude, and
random quantities such as ejection velocity and defense penetration, Analyzing the

ejection, re-entry, and subsequent target attack requires a Monte Carlo computer
simulation model.

The simulation is also applicable to objects such as decoys, precursor warheads,
BDA data link transcievers, ECM devices, etc.

The discussion is presented in the following sequence: (1) logic of the model, (2)
composition of the model, (3) some applications and results, and (4) conclusions,
LOGIC OF THE MODEL
The simulation uses Keplerian trajectory equations and assumes a spherical non-

rotating earth, Figure 1 shows the trajectory geometry and vector orientation, the
regions of interest being insertion, re-entry, and ground.
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Figure 2 indicates the propagation of a vector perturbation on the insertion plane
to the re-entry and ground planes, The simulated ground impact point represents a
sampled deviation from the aimpoint.

In the simulation, aimpoints are transferred to re-entry plane coordinates, and
then to ejection requirements on the insertion plane, A Monte Carlo process then
selects values from the bias and random ejection error distributions, and a resultant
perturbation vector is determined, The errors are random selections from Gaussian
distributions having zero means and known ¢'s, Bias errors, such as guidance, or
pitch, yaw, and roll rates, are related to the R/V carrier and affect each R/V,
Superimposed on bias errors are the individual R/V random errors such as ejection
angle and velocity, Using the projection on the orbit plane of the ejection perturbation
vector A Vi (magnitude AVmxy), insertion angle (8y), and orbit plane angle (o),
errors are propagated to the re-entry plane, Next, the R/V re-~entry velocity and
angle, the re-entry altitude assumed (400, 000 ft), and the R/V W/CpA are used to
convert the errors to the ground plane, With a given survival probability, a Monte
Carlo process is again applied to eliminate non-surviving R/V's, Finally, the impact
points of the surviving R/V's are used, with lethal radii, to compute a kill frequency
distribution, The target analysis will be discussed in more detail in the sequel,

The number of computer simulations, to obtain convergence stability of the
Bernoullian kill probability, is calculated according to the desired combination of
confidence and accuracy, Figure 3 shows examples of kill probability stabilization
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Figure 3. Convergence of Simulated Bernoullian Target Kill Probabilities
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with an increasing number of simulations, Nineteen patterned R/V's were used
against a point target, A lethal radius of 1600 feet was selected for each R/V.
Survival probabilities of 0,3, 0,7, and 1, 0 were used. The number of random draws
per simulation, NB, to determine survival was 20, Multiple Monte Carlo survival
determinations are used for a faster kill probability stabilization for the lower
survival probability values, Pg. This technique permits reduction in the number,

1 max, of simulations,

COMPOSITION OF THE MODEL

In the previous discussion, et seq,, reference is made to the bias and random
ejection errors, These are shown in Table 1 in terms of standard deviations of

Table 1, Ejection Errors and Linearly Multiplying
Error Sensitivity Coefficients

Ranges Crossrange
Bensitivity Sensitivity
Type (Error Due to:) ) Cosflioient Cosfflcient
Quidance: Range Impaot 8 ft Dlm =1 Flm =0
Crossrange Impaot] &, # Dy =0 Fom*!
BIA3 ERRORS Misstls Attttade: Pitch agradians | D Fyp*0
Aftects carrier vehicle ¥ adi D m
snd s0 ali R/V's similarly bl 4, radians 4m de
Roll L radians Dy Fem
Target Uncertsinty: Range 1 f. Dm =1 Fﬂm =0
Croasrange s, ft. D'lm =0 F.,m =]
Atmospheric (Density & Wind) et A' =1 D!m Farn
(Dg N0, Fo N0,
* natm” +88 g gt
W/CpA Bise 1, (fraotion) Dy Fom™?
(Dbm b
aR/2 W/CA) e
w/epM )
o0 Diom "% | Fyom=®
Spares LT 0 Dy, rum =0
Sy~ 0 Diom=? Fiam=?
Missile Attitude Rats:  Pitoh 8, grad/sec Dism Fram"?
Yaw N ‘nd/ua Dism Frum
Roll L rad/se0 Dism Fiom
Fractional Errorin & Vm cl(lncuon) Em m
RANDOM ERRORS Angular Error @ Missile: Pitch 0, radians Eom O =0
Affects each R/V Y
individually n:; syroane | gy %3m
<, radiane E4m le =0
w/CDA Random L™ E&m = Dbm Osm =0
(fraction)
Spares { ce-o :emno oem-o
Cp=0 E7m=0 Gy @0
Angular Error in Velocity Range utCs'l Esm G!m =0
due to Thrust Misalignment:Croserange setCont By =0 Ggm

Note:

Ag Do = ¥ 0. ooy
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Gaussian distributions with zero means. Also given are the symbols for the sensi-
tivity coefficients, which may be considered as amplification factors, An input error
standard deviation can be multiplied by the related sensitivity coefficient to give an
impact (landing point) standard deviation.

Figure 4 is a schematic indicating the sources of bias errors in the R/V carrier
at ejection time,

Figure 5 illustrates the sources of random errors for each R/V,

The symbols that follow are defined in the Appendix, The program consists of
four routines, In Routine 1, re-entry parameters (Ve, ¥4 OR) are computed using the
carrier vehicle parameters at insertion (rpy, Vg, %) and the re-entry height (ry),

(see Figure 6), Also calculated are the ""sensitivity coefficients' KRX’ KRY’ KHX,

KHY’ which indicate the values for range and height displacements at re-entry for

unit changes in ’\70 in the local horizontal and vertical directions. Thus, the propa-
gation of a deviation from V, to re-entry may be found, Routine 1 may be used alone
or with the other routines., If it is used alone, there is an option of calculating
2Range (Agm), if W/CpA varies among R/V's, Figure 7 gives a simplified logic
3(W/CpA)y

flow for Routine 1,

The R/V's must be ejected to impact in the desired burst pattern, In Routine 2
are computed the velocity impetus needed (Amey) in the trajectory plane, the
ejection angle with the local horizontal (8y,), and the angle with the trajectory plane
(am) required for the mth R/V to impact the re-entry plane at a certain point (Rim,
Cim) and at a certain trajectory spacing (9,) from nominal (see Figure 8). Spacing
along a trajectory plane separates the re-entry times, thus making it difficult for the
defense to attack more than one R/V with one AMM, Also computed in this routine
are additional "sensitivity coefficients, ' which indicate how unit deviations in insertion
velocity propagate to re~entry. Routines 1 and 2 may be used alone, if optioned,
Figure 9 gives the program instructions for Routine 2,

Routine 3 generates R/V impact points, Assuming the errors are normally dis-
tributed, a Monte Carlo technique is used to select errors randomly, Since
stochastic variables are involved, multiple selections (i max) are required before the
landing point of an R/V can be identified (via its range and cross range standard
deviations). For each simulated landing, a set of bias errors (Aip) i8 chosen; then
random errors (Cymp) are chosen for each R/V separately (p = 1, 2, ..., igpax)s
The errors are multiplied by the appropriate sensitivity coefficients (Djy,, Fim,
Ejm, Gjm) and a linear combination is taken, which converts the aimpoint to a
simulated landing point (Subroutine Part 3X). The deviations of simulated from in-
tended landing points are stored by bias, random, range and cross range categories.
These data are then processed to yield appropriate statistical means and standard
deviations, Figure 10 shows the logic of Routine 3.
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From Routine 1
Input
R.ou;l.m M, le. Ch'n'
Ejection Requirements d m
[ Compute: 1
K
S
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g %)
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KR' (v}
Ky (3,)
(]
K T vo)
em
am
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Knim
wmw
a
m
Kp'm
\ ]
K Hm
?
K m
Print Standard Output
[
le' Cm'
Kc. Avw. L B
Print Optional Output
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Continue fn Go to
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Figure 9. Routine 2 (Ejection Requirements)
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If statistical tests show that the landing point deviations are normally distributed
in range and cross range, both for bias and random components, then further landing
points may be generated by Routine 3' instead of by Routines 1, 2 and 3 (the three
routines may be used alone if 80 optioned)., In Routine 3', landing points are generated
by adding to the nominal point the propagated errors obtained with the simulation,

The Monte Carlo approach used in Routines 3 and 3' may be bypassed, and
Routine 4' used as a preliminary to Routine 4, In Routine 4', landing points are
entered as inputs,

In Routine 4, target damage is assessed. First, the "pattern efficiency" is
computed, That is, if all warheads burst at their intended aimpoints, the percentage
of target area that would be destroyed is computed, The area target is given as a
set of grid points. If a circular target is considered, the program generates the grid
points from the target radius (rq), and the number of grid lines (n,) per target radius
(which establishes the grid point density), If the target perimeter is irregular, a
descriptive set of grid points is generated by giving the ordinate of the first grid line,
a spacing (¢), and the abscissa of the first grid point on each subsequent grid line,
together with the number of grid points on each of these lines. A point target may be
defined as circular with rp =0, Figure 10 gives the logic of Routine 4, The "pattern
efficiency' and generation of target grid points are executed in Subroutine Part 4F of
Routine 4, Part 4F is shown in Figure 11. Routine 4 also uses outputs from Sub-
routine Part 3 (Figure 12), and Subroutine Part 4 (Figure 13).

In Part 4 of Routine 4, the percentage of area killed is computed for each ipax
run, using (by another Monte Carlo process) the probability, Pg, of the mth R/V
penetrating the target's defenses and also the simulated landing point of the mth R/V,
Routine 4 yields a table (C') in which an entry in the ith cell is the probability that
<i percent of the target is killed, For a point target, the cell values are equal and
represent target snrvival probability,

Options

In summary, the program includes the following options:
1. Routine 1 may be used alone, as a separate program.
2. Routines 1 and 2 only may be used.
3. 'The target in Routine 4 may be: (a) a circular area target; (b) a point target; or
(c) any irregular area, the target being generated by giving the highest horizontal grid
line, the spacing between grid lines and grid points (¢), the number of horizontal

lines, the first point on each line and the number of points on each line,

4, The actual landing points (§ ,,, ) required by Routine 4 may be obtained in
three ways: (a) via Routines 1, 2 and 3, in which linear combinations of randomly

[P,
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selected normal errors are added to the nominal range and cross range; (b) if the
actual landing points are normally distributed on the range (Og) and cross range (g¢)
directions, errors randomly selected from these distributions are added to the aim-
point coordinates; or (c) sets of (§,,, "m) may be given as inputs, bypassing all the
random features associated with the landing points (except for PSm).

5, In all cases, the "pattern efficiency" is computed. It is the fractional area
damage attained by apattern of R/V's, all of which land at their intended landing points,
For a point target, it is unity,

6, Routines 1, 2 and 3 may be run, as a separate program, to provide information
on R/V input error sensitivities,

Using only Routines 1, 2, and 3,
range (

of the mth R/V due to delivery errors on the
crossrange |

&m l , the deviation in
6hm |

pthimax run, is separated into the bias and random error contributions

8Bpém | SRpém
g and
benm ) 6RpMm ) -

These contributions are processed to yield the standard output of Routine 3, which
consists of the mean and standard deviation of each of the four error contributions
across iq, runs (for each R/V) and the over-all mean and standard deviation of the
bias errors across m R/V's and iax runs, The optional output of Routine 3 may be
printed, up to n times, presenting the actual landing points of the R/V's on each of
the n simulations, together with the mean and standard deviation of each of the four
error contributions across m R/V's for each of the n simulations.

SOME APPLICATIONS AND RESULTS

The final objective in the use of the simulation is to balance effective mission
performance with the best engineering design characteristics.

A considerable number of investigations have heen made with the model. Within
the constraints of space, proprietary information, and a decision to keep the paper
unclassified, the following three will be discussed: (1) aimpoint patterning, (2) R/V
ejection error sensitivity analysis, and finally, (3) an examination of R/V ejection
and selected re-entry parameters (design criteria).

Aimpoint Patterning

Patterning studies were made by orienting lethal circles over point and area
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targets. For the former, the pattern geometry was fitted to the ellipse of the delivery
error distribution. Figure 14 shows the results of aiming an elliptical pattern of 17
R/V's at a 500 psi target. The three curves are for R/V survival probabilities of 1, 0,
0.7, and 0,3, Target kill probability is related to the ratio of aimpoint spacing dis-
tance to lethal radius. The dashed line indicates how the optimum r/) decreases with
reduced survival probability. For small survival probabilities, say < 0, 3, direct
target aiming for each R/V is best,

Figure 15 presents target kill probability variations with numbers of R/V's for
point target hardness values of 50 psi, 30 psi, 1,000 psi, and 4,000 psi, The payload
weight is fixed, and the warhead yield decreases with increasing numbers of R/V's,
Six to 12 R/V's are preferred for any combinations of Pg and psi, the exception being
the softest (50 psi) undefended target. Excess R/V's can be used against multiple
spaced targets or for patterned attacks against area targets, Or, decoys, precursor
warheads, BDA data link transcievers, or ECM devices may be substituted,

Compared with a single R/V, multiple R/V's provide a higher chance of at least
one penetration of the defenses, Military history shows that the stray bomb, or even
a bullet, has played a significant part in the victory, Figure 16 shows that a single
R/V survival probability of 0. 8 is raised, with 10 R/V's, to 0. 98, redefined as the
chance that at least one survives. The Pg variation with R/V numbers and defense
KP {s also given in Figure 16,

°‘°F ELLIPTICAL PATTERNING == — — ASSUMED CEP=5300FT

iI7 R/V'S
500 psi TARGET
0.20 mt WARHEADS
06— A=IITOFT
I r !
Py=1.0 ! !
Q= 04—
0.2}—

0 1 ] | 1 | -
0 0.5 1.0 L8 2.0 25 30 3.5
t/x

Figure 14, Patterning Compactness Optimization
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Figure 15, Optimization of No, R/V's for PK, PS and Target Vulnerability (psi)
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Figure 16, The Relationship of Multiple R/V's to Survival Probability and the
Chance of at Least One Defense Penetration
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For area targets of low psi values, the accumulative lethal area is normally large
relative to target area, even for low R/V survival probabilities, Patterning was
therefore designed to fit the target shape, there being little gain expected in fitting
the pattern to the elliptical error distribution. If accuracy is poor, the area pattern
is tightened; center aiming i8 most effective for the case of large delivery CEP's,

Figure 17 shows the results of a simulated attack on a circular area of 5.0 nm
radius; Pg =~ 0,3, and vulnerability is 3, 0 psi, Nineteen ""beehive" patterned R/V's
were used in three separate attacks, with assumed warhead yields of 100 Kt, 50 Kt,
and 25 Kt,

For the 100 kt case (curve 1), there is a 90 percent chance of subjecting at least
50 percent of the area to 3. 0 psi, a 75 percent chance of attaining 3. 0 psi over at
least 60 percent, etc, Obviously, the chance of destroying any of the area cannot
exceed 30 percent for the case of a single R/V, regardless of warhead yield,

He-entry Vehicle Ejection Error Sensitivities

Particular error sensitivity coefficients were derived such that a linear com-
bination of the product of any ejection error standard deviation and the appropriate
coefficient, yields a landing point standard deviation, Figure 18 shows the linear
divergence of these coefficient values with range offset aiming from the nominal
point, The most sensitive errors are seen to be the bias missile attitude pitch,

1.0y I
I9 PATTERNED R/V'S
100 kt, 3psi
T6T ORAD =5NM
o8 Pyz 0.3
A=15,200FT
2
SAME EXCEPT
os— YIELD 280 kt
A212,150FT
£
o 3
0.4~ SAME EXCEPT
. YIELD= 25kt
A29600FT
ASSUMED DELIVERY
0.2~ CEP=5300FT
0 | | l |
(] 20 40 60 80 100

% TARGET AREA

Figure 17. Arca Target Attack
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affecting the range impact error; and the random pitch angular error of the R/V at the
missile, affecting the range error. A trajectory spacing from the nominal, o, of

50, 000 feet is assumed. The small values in the negative range direction are peculiar
only to the particular input error values.

Figure 19 relates the error sensitivity coefficients to cross range offset distance.
The largest values are found for E4m, the range error sensitivity coefficient for
angular random roll error at the missile; and for D4m, the range sensitivity coef-
ficient for the bias missgile attitude yaw error. It is apparent that offset aiming in
crossrange can give large range errors if payload stabilization and design tolerances
are not carefully considered.

Figure 20 gives the variations, with offset aiming distance, of the error sensitivity
coefficients which are inputs to the computation of the D, E, F, and G amplification
factors previously discussed. These coefficients serve to propagate ejection errors
to the re-entry plane. Three of the coefficients are unaffected by offset distancas
(note the vertical curves). KRim and K'Rim are range deviations at the re-entry

plane due to unit changes in the insertion velocity vector V, ( K‘ny = 1) in the B
direction and B+ 7/2 direction, respectively.

Some Ejection and Re-entry Parameters ~ Design Criteria

Simulations have provided data to relate payload and R/V design parameters to
the desired mission performance. Some of these data are presented.

Figure 21 parametrically interrelates crossrange aimpoint offset distance (1)
crossrange ejection angle (@m), spacing on the trajectory plane (p), and R/V velocity
requirement ( AVmy) in the w-direction.

Figure 22 illustrates the requirements for R/V velocity adjustment in the trajectory
plane and the ejection elevation angle, for offset aiming in a positive or negative
range direction.

Figure 23 relates the burnout angle and burnout veloecity with R/V re-entry angle
of attack and delivery range, assuming in-line deployment and R/V alighment with the
ejection vector.

Space has permitted discussion of some of the model applications and results.
Further investigations have been made as follows:

1. Aimpoint patterning (additional studies)
2. R/V survival analyses
a. Weight tradeoffs using decoys, chaff, ECM devices

b. Defense capabilities
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R/V trajectory spacing with respect to W/CpA and AMM lethal envelopes
Practicability of attacking multiple targets with multiple R/V's

Missile guidance accuracy effects on the use of multiple R/V's

Lethal envelope attacks, e, g for runway cratering

Superhard target attacks, e.g. for psi= 6,000

Mixed warhead sizes and W/CpA's

Cost exchange ratio comparisons

Cost effectiveness comparisons

Design optimization studies
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12, R/V ejection parameters handbook preparation, Parametric interrelation of
V,”,V,7,0p offset€andn, 8 , AV , AV ,a ,6  r, 6 r, et
o o f f m mxy mw m’ R’ "o f

13, Attack economy determination by testing overkill

14, Statistical analyses to test the distributions of separate and combined output
errors,

CONCLUSIONS

A Monte Carlo computer model has been developed for the simulation of multiple
re-entry vehicle ejection and target attack, It enables translation of the selected
mission strategy to the proper missile payload and to the optimum ejectionand design
requirements for R/V's, decoys, and other devices, Asa corollary, the best attain-
able design parameters can be converted to the optimum misaion performance. A
number of options enable a variety of investigations with minimum time and computer
costs,

Applications of the model reveal appreciable advantages in using multiple R/V's,
The probability of any damage for a single R/V is limited by it's survival probability,
regardless of warhead yield. Multiple R/V's, however, can achieve high probabilities
of large area kill, even with small survival probabilities, with a bonus of a much higher
chance of at least one warhead penetrating to the target.

Multiple R/V's with patterned aimpoints can give a point target kill probability
exceeding that for a single weapon of maximum payload weight, Six to 12 R/V's are
preferred for any R/V survival and target hardness combinations, The exception is
found for relatively soft (< 50 psi), undefended point targets, for which case one R/V
(maximum weight) has a slight advantage, at least for good delivery accuracies.

There 18 an excellent potential for the use of multiple R/V's to attack multiple,
spaced targets. For the offense, booster, launching, and logistics costs are higher
for single R/V delivery per target. And defense costs must rise significantly to
ensure reasonable multiple target protection against multiple R/V's per booster,

The ambiguities in defining future enemy defense systems makes it difficult to
recommend decoy weights, This uncertainty, along with the tendency of increasing
payload weights, strengthens the potential of, and the utility of developing, a multiple
R/V system.

ACKNOWLEDGMENTS

Dr. J. D. M. Cameron, Manager, Systems Synthesis, Re-entry Systems Depart-
ment, effected the trajectory analyses necessary for the Monte Carlo simulation.

[P P,

PR PR

B L L




150

This included formulation of the error sensitivity coefficients and the mathematical
relation of re-entry vehicle ejection requirements to re-entry kinematics and offset
aiming strategies,

Miss Lora Marlette, Advanced Space Projects Department, programmed the model.
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APPENDIX - MULTIPLE R/V DEFINITIONS

Coordinate Systems

At ingertion (xyw), re-entry (RHC), on the ground (£, 7).

At insertion, xyw 18 a right-handed coordinate system with the origin at the booster
CG; t_13e y=-axis in the Fo direction, and the x-axis in the local horizontal direction such
that V, has positive component in the x-direction, The xy-plane is the trajectoryplane;
the xw-plane is the ingertion plane (see Figure 1).

At re-entry, RHC is a right-handed coordinate system with H in the ;f direction and
R in the local horizontal direction, positive downrange (in the x~direction)., The RH-
plane is the trajectory plane of the booster; the RC-plane is the re-entry plane (see
Figure 1).

At the ground, the origin of the coordinate system is the impact point of the booster;
the £-axis points downrange (in the x- and R-directions), and the N-axis points in the
w~ and C-directions (see Figure 1), N,B.: to be consistent with Routine 4, the ground
plane should be viewed from below the ground, to achieve the orientation: nL ¢

Trajectory Parameters

;{70} insertion }

Vi is the magnitude of the re-entry velocity of the booster, in ft/sec (see
Figure 1),

—

;.?}13 the magnitude of the radius vector from the center of the earth to the booster

insertion} , in feet (see Figure 2),

re-entry

%1 15 the angle that VO} makes with the local horizontal at insertion} (see Figurel).
¢ Vf re-entry

Y is expressed in degrees}

‘y? } *P radians § °

GR is the angle (in radians) from ;o measured clockwise to _l"f {see Figure 1),

Partials
KHy } is the 4 H ; (in feet) at re-entry due to a unit change in V, in the y-direc-
KRi' , 4R

IXSE

Y -
tion(A V. =48V =1);le,p=
on (@ Y, <AV =1ite.p




152

K AR
K is the A H » (in feet) at re-entry due to a unit change in V_in the x-direc-
Hx o
KR A Ri
ix
tion (AV = AV =1);i,e., B=0
Xy X

K AR
Kg } is the AH } (In feet) at re-entry due to a unit change in v o (AV_ =1)in the
Xy
K ARI
Ri
b direction

Approximately, KR = KRx cos 8 + KRy gin B,

KH=KHx cos +KHy sin B,

Km— KR + KH ctn )i, .

! AR
ER' }15 the 4H }(in feet) at re-entry due to a unit change in ¥, (AV,, = 1) directed
H o Xy
K'Ri ARi

7
normal to Any; f.e., B=8 +g

) AR . .
Eg (Yo)} is the AH } (in feet) at re-entry due to a unit changein V_(AV_ =1)in
0, o Xy
lim v o) ARi
the V_ direction; i.e., B= Y

Kp' (7)) AR L
Ky (¥ )} is the AH } (in feet) at re-entry due to a unit change in V_(AV__ =1),

0, o Xy
K'Ri ('yo) ARi

- T
directed normal to Vo; i.e., 8= Yo tg e

KC is the ACi (cross range displacement at impact in feet) at re~entry due to a

unit change in Go in the w direction (A\—/. = A\?w =1), (See Figure 8),

Errors
éem range th
énm }is the change in crossrange} from nominal of the m~ R/V at re-entry, in

feet, due to the bias and random errors, (See Figure 2, the definition of At D1m below,
and Table 1),

AD D .D,
i im} mj Jm}
AiFim ij Gjm
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ADjy, is the displacement of the mth R/V from intended ground range due to the
range bias error associated with A where [A =N (O, a )] and propagated by the
"sensitivity coefficient, " D m*

Similarly, A 18 the crossrange bias error; C_ ,E.__ is the range random error;

11 mj jm

and C G, is the crossrange random error,
m} " jm 15

. 0 =
Note: ; em 1z=:1 Aip Dy, * El cJmp Ejm

th
n th
on ihe p (imax) run,

15 9

bn = A _F,_ + C G

p 'm :‘:'1 ip “im El jmp “jm )
“RBm' " RRm’ ¥RB
“CB,m’ “CRm’ '“CB

th
pRBm is the mean range bias error of the m™ R/V across imax runs, equal to
i

— 5€,where6£=FAD.
lmax p=1 Bp 'm Bp 'm = jp jm

) is the mean crossrange bias error of the mth R/V across i runs,
CBm max
th
7 RR is the mean range random error on the m~ R/V across lmax runs,

K 18 the mean crossrange random error of the mth R/V across i runs,
CRm max

- t
Hrp i; the over~all mean range bias error across m R/V's and imax runs, ecqual

1 .
tom . pz_l “RBp

M is the over-all mean crossrange bias error across m R/V's and i

runs
CB max *

9RBm’ "RRm’ “RB
2]
%cBm’ crRm’ °CB

is the range bius error standard deviation of the m th R/V across i max Tunss

2 (Bp m
equal to - (uRBm)
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c is the crossrange bias error standard deviation of the mf'h R/V across i
CBm max
runs,

ORRm 18 the range random error standard deviation of the m'Ch R/V across i runs,
max
%Rm is the crossrange random error standard deviation of the mth R/V across
i runs,
max

%B is the over=all range bias error standard deviation across m R/V's and 1max

T
. t
runs, equal t H (nRB is merely the rms of the O’an 8).
9cB is the over-all crossrange bias error standard deviation across m R/V's and
m
L 2 .
imax runs, equal to ™ Z cCBp’ (UCB is merely the rms of the %Chm 8)
H'RBp' “RRp
1 1
Hemp “crp
“I
'RBp is the mean I °18€ 1 bias error on the pth i -type run across M
yCBp crossrange ‘ max

M
A
R/V's: “iin ™ §=1 6Bp Em

1
] =
HeBp = M 21 °Bp "m

M
RRpl is the mean range } random error on the pth i max-type run across M

1
IJCRp5 crossrange
1 M
tae 4! - —
R/V'S: Mppo =37 D ®ap fm
m=1
3>
7 == 6. 1
CRp M =] Rp m
ol 1
RBp’ "RRp
o) el
CBp' CRp
nl . h
?Bp is the 08¢ bias error standard deviation of the pt i -type run
CCBp crossrange max

across M R/V's:
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. M q1/2
o =L 5 6, £ ) 2l
RBp (M N = Bp *m RBp !
TR 5] 1/2
] o | —=— -
% | W 2 B "m) (“CBp
|7 m=1
RRp {s the F208° random error standard deviation of the pth i -type
UCRp crossrange max

run across m R/V's:

-

1 M 2 2
r"RRp = [ﬁ rré:l (éRp Em) B (WRRp)

1 A 2]
c"CRp -,:-I-VI_ Z (CRp m) h (“CRp)
m=1 .
R/V Parameters
(a ] n )) Sm

The ground aim point (Em, M) of the m

feet; the probability that it will successfully penetrate the enemy defenses (Ps m)

R
Cim

mth R/V on the re-entry plane; (R,
mth R/V (see Figure 8).

im | range

are the
crossrange

C im) is

Ag

1/2

.
]

1/2

th R/V in feet; its lethal radius (A m) in

} coordinates (in feet) of the intended impact point of the

the aimpoint on the re-entry plane of the

A correction (in feet) in the range direction for the m th R/V because all R/V's may

not have the same W/CpA. If the mth R/V is

by Rim feet, it will be displaced from the nominal at the ground by (R1m

A¢
m
Ag m ey be computed separately by using

displaced from the nominal at re-entry
+ BE m) feet.

is a previously computed input (see Figure 2).

only Routine 1,
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A

CDAm

The ballistic parameter of the mth R/V, in lb/ftz.

pm

The spacing (in feet) of the mth R/V from the R/V carrier, measured at re-entry
from the plane normal to the nominal trajectory, The sign of prn is positive in the
+R direction,

AVm, A mev, AVm W ﬂm’ o (Ejection Requirements)

.

A\_;m is the change in velocity (in ft/sec) required by the mth R/V (as a perturba~
tion on V) at ejection in order to impact the re~entry plane at the intended aimpoint

o
Ry Cim*
AV is the component of AV_ in the xy-plane; AV is the component of AV
mxy m mw m

in the w-direction; Bm is the angle (in radians) of Amey measured counterclockwise

from the positive x-axis; am is the angle (in radians) between & —vmx and Aan,
positive if AVmw is positive (see Figure 8). Y

6
_m

The angle of elevation (in radians) of the mth R/V measured from the point where
the trajectory's projection on the re-entry plane intercepts the C-axis, counterclock-

wise with respect to the positive R direction, at the time when the R/V carrier is at
the nominal aim point on the re-entry plane (see Figure 8).

L
L;‘z } is the distance (in feet) from the w centerline of the ejection tube at the

wm th y'w
point where the m R/V exits the tube to the x'w > cordinate planes depicted in

y
Fi 4, ha >0 impli <O;Ly <0~ =0,
gure Note that Lym 0 implies Pm 0 l.ym 0 Pm 0

s K _,0,V

Thrust Misalignment Parametersa_, b ,  , K , V
m _ m m im’ € Tm Cm

im

(See Figures 4 and 5)

am: the acceleration of the mth R/V at its burnout

bm: the distance from the point of ejection thrust application to the CG of
the mth R/V
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Qm: the rate at which the mth R/V rolls at its burnout

o, the standard deviation of €', the angle of the thrust direction of an R/V
€ makes with the centerline of the R/V,

pitch or yaw

roll } axis, assuming

Iéim } the radius of gyration of the mth R/V about its
jm

Ipitch {pitch moment of inertia) = I aw’

yaw'
2 biteh 2 Iroll
K = 3 K =
1 m 3 m
v . in the
VTm the magnitude of the velocity due to thrust misalignmeant normal to the}

trajectory plane;

Target Parameters (rT, €, ., nG)

r.. is the target radius in feet (when the target i8 circular), €is the spacing between
grid points on a grid line, and between grid lines, also in feet, n_ is the number of
grid lines desired per target radius (nr £18). n G is the total number of grid points.

b e sl A et ¢ i At
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THE PRESENT AND FUTURE ROLES
OF STRAPPED-DOWN INERTIAL SYSTEMS

Jerry C. Powell

Aeronautical Division
Minneapolis-Honeywell Regulator Company
Minneapolis, Minnesota

ABSTRACT

The present and future roles of strapped-down inertial systems are ana-
lyzed by a differential comparison of various mechanizations based on size,
weight, power, reliability, and ease of maintenance. After definition of
the system mechanization problem, inertial systems are divided into those
classes using rate sensing devices and those employing free gyros or other
types of stable attitude reference. The computer versus gimbal trade-off
is then discussed for these classes with emphasis on the strapped-down
approach. Free gyro mechanizations are specialized by considering only
the electirically supported gyro (ESG). The impact of the electrically sup-
ported accelerometur (ESA) and laser rate sensor on future systems is
considered.

The work described in this paper was company-s8ponsored.
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THE PRESENT AND FUTURE ROLES
OF STRAPPED-DOWN INERTIAL SYSTEMS

Jerry C. Powell
Advanced System Specialist
Precision Inertial Components
Aeronautical Division
Minneapolis~Honeywell Regulator Company
Minneapolis, Minnesota

INTRODUCTION

The question of whether a system should be strapped down or gimbaled,
if nothing else, always seems to generate a lively discussgion. System ana-
lysts generally agree that strapped-down inertial systems are less accurate
than their platform counterparts, but they would probably also agree that if
care in design is taken there should be very little difference in accuracy.
What disagreement then would prompt a lively discussion of the topic? Pro-
ponents of strapped-down systems list these arguments in support of their
case:

e Strapped-down systems are smaller, lighter weight, use less
power, and are more reliable because the trade-off between
replacing the igolation hardware (e. g., gimbals, etc.) with
a computer is in favor of the computer.

e Strapped-down systems have better maintainability because
the sensor configuration is less complex.

This paper attempts to digscuss these points in terms of present day
theory and practice using available hardware, hardware available in the near
future, and future system aspects.

INERTIAL SYSTEM CONCEPTS

Inertial System Equation of Motion

Bagic to any inertial system is the vector identity
R=A+G

where R is the second time derivative with respect to inertial space of the
position vector R of a vehicle which is to be navigated and/or guided, G is
the mass attraction acceleration experienced by the vehicle, and A is the
acceleration due to all non-mass attraction forces. The components of the
vector A are physically measurable, while the components of G must be de-,
duced from knowledge of the gravitational acceleration field at the position R.

e = -
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In general, the solution to the navigation problem requires that the right
side of the foregoing equation be available, and therefore subsequent inte-
gration yields the position of the vehicle, "On-line" integration of R usually
entails "closing the loop" about position by feedback of R to calculate the
mass attraction acceleration. This loop closure is sometimes referred to
as the ""Schuler loop. "

In the case of missile guidance the feedback is sometimes "tricked" by
taking advantage of prior knowledge of the approximate trajectory of the
vehicle. For example, one trick which reduces computer hardware is to
compute the mass attraction as a function of velocity from empirical formula
if the missile flight path is well defined. By another method, ''on-line" ac-
celeration integration may be completely eliminated to reduce system com-
plexity at the expense of accuracy. This is done by preflight computation of
the equation of motion, This type of system ig sometimes referred to as a
flight reference system, which controls vehicle attitude and relies on a
timer and predictable boost conditions to achieve its mission requirement.
Various combinalivns of these meihods are in common use. Thus, in
general, to achieve system operation the acceleration vector A must be
measured, How A is measured, to a large degree, determines the system
configuration.

In platform mechanization the components of A are measured by isolating
a triad of single-axis accelerometers from vehicle motion. Thus the accel-
erometers measure the components of acceleration while the platform is
maintained in a known attitude to give ''direction' to the measurement.

The Strapped-Down System Problem

In strapped-down system operation, the accelerometers are body-
mounted to the vehicle. To give ''direction' to the outputs of the acceler-
ometers, the instantaneous attitude of the accelerometer triad must be
known. In general this requires the values of the elements of a three-by-
three orthogonal matrix with which transformation of the accelerometer
outputs to a known frame of reference is possible, If T denotes this trans-
formation, the vector identity mentioned above may be written as

R=TA'+C

where the prime on the acceleration vector A meang that it is measured in
a different coordinate frame than the rest of the elements of the equation
(i. e., A = TA’). The fundamental problem in strapped-down inertial sys-
tems is how to deduce the transformation T,

Basically, there are two methods of obtaining the transformation:
1. On-line integration of rate information.
2, Direct observation by the use of free gyros or gome

other type of inertial reference.

With these basic methods, many mechanizations are possible. Some of
these are now discussed.
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STRAPPED-DOWN SYSTEMS
EMPLOYING RATE MEASURING DEVICES

Differential Equations for an Orthonormal Matrix Transformation

In general, an orthonormal transformation T always exists so that the
orthogonal triad defined by the sensitive axes of the accelerometers may be
carried into any convenient inertial reference frame by the transformation.
Application of the Coriolis law for vector derivatives to the base vectors
defining the computational inertial reference axes yields a set of nine dif-
ferential equations for the elements of the transformation T. In matrix
notation these nine equations may be written as

T=TQ

where €2 is a skew-symmetric matrix whose three independent elements are
the components of the angular rate of the accelerometer triad with respect
to inertial space. Thesge ninc cquations, six of which are independent, are
nonlinear, and a closed form solution exists only when the angular rate is

a constanl. A sufficient condition for existence of a closed form solution is
equivalent to the same condition that must hold for a finite rotation to be
expressible as a vector. This fact gives rise to the so-called '"coning
problem' sometimes encountered, and extreme care must be taken in on-
line computation of the transformation T. Computer requirements are dis-
cussed later,

System Configuration

Error analysis [ see, for example,(1)] has shown that only two of today's
rate sensing devices are capable of meeting normal system requirements:

1. A hermetically sealed floated rate integrating gyro (HIG)
which is digitally torqued to achieve extremely small
gimbaled hangoff.

2, A HIG mounted in a single-axis platform and servoed about
the gyro input axis to achieve a torque null on the gyro gimbal,

The reason why only two rate sensing devices have thus far qualified
as strapped-down sengor candidates seems obvious. The rate device that
is usec must have a high degree of linearity all the way from the unpre-
dictable drift rate of the gyro up to the maximum angular rate of the vehicle.
This represents a dynamic range of the order of 108 to 109,

Figures 1 and 2 illustrate the functional operation of strapped-down
systems using single-axis platforms and pulse-torqued gyros, respectively.
For completeness, Figure 3 illustrates the functional operation of a flight
reference system. Figure 4, the functional operation of an inertial plat-
form, is shown for comparison,
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In all four systems, feedback through the gyro torquer from the naviga-
tion computer is illustrated. This, of course, will vary from system to
system. Some have no active feedback, while others, such as a local-
vertical platform, depend heavily upon it. In addition, some systems employ
accelerometer torquing, Initial alignment is accomplished in roughly the
same fashion for every system by gyro torquing from accelerometer signals
to obtain level alignment and by either gyro compassing or optical linkage to
obtain azimuth,

Although the flight reference system is not actively included in this dis-
cussion, it deserves some comment because of its fairly wide application,
The basic operation of this system depends on rate loop closure about the
gyros through the vehicle attitude contrcl system. Since the tightness of
this loop is limited by the vehicle dynamics, there must be provision for
fairly wide excursions of the gyro gimbals. Under these conditions, cross-
coupling becomes a major factor, Insofar as missile guidance and control
are concerned, the only difference in basic operation between this system
and the other three is how well the cross-coupling effects can be minimized.
Thus, in a sense, the strapped-down systems using pulse torquing, single-
axis platforms, or the platform system itself serve only to provide a tight
inner attitude control loop with more ''memory" content. As shown in
Figure 3, accelerometers are employed in the flight reference system. As
mentioned in the introduction, however, some systems use only a timer to
provide thrust cut-off. System accuracy dictates the choice of mechaniza-
tion.

A modification of the system using single-axis platforms is a system
using six pendulous gyro accelerometers (PGA's), For complete details
see (2). These instruments differ from a single-axis platform only tc the
extent that they have a pendulous mass located on the gimbal., Since each
of the six instruments have an output proportional to both angular rate and
acceleration, sufficient information is provided for navigation and/or
guidance.

The advantage of this type of system lies in continuous rotation of the
sengors, which acts to attenuate some of the gyro errors. The penalty for
this advantage is two-fold:

1. Extreme stability of the input axis of each unit is required
to minimize acceleration effects from coupling into the rate
measurement.

2. The rate information must be corrected for size or separation
effect.

Size effect is due to the fact that the pendulous masses in the gyro
gimbals "'see'' a centrifugal force proportional to the square of the angular
rate environment, This effect can be designed out of the acceleration
measurement but can never be designed out of the rate information channels.
The effect is present in all systems, but only in the six-PGA configuration
does it affect rate measurement. In platform systems the effect may be
neglected.
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Thus, of all rate measuring devices available today, only the pulse-
torqued rate gyro, the single-axis platform, and the pendulous gyro accel-
erometer seem to meet the requirement of strapped-down systems if the
method of integrating rate to obtain an inertial reference is to be used.
These instruments may be employed in some hybrid fashion as system re-
quirements dictate. The choice of adequate accelerometers depends on
roughly the same criteria used in platform systems.

Computer Considerations

Except for the requirement of on-line computation of the transformation
matrix T, computer requirements for strapped-down or platform systems
are roughly the same and shall be considered the same for discussion pur-
poses,

The set of differential equations T = T is only one of several possible
representations of the transformation. In this representation, T is usually
referred to as the direction cosine transformation. Other possible repre-
sentations have been studied as being perhaps easier to mechanize in a
computer:

1.  Euler angle representation
2. Cayley-Klein parameter representation
3. Quaternion representation

It is the opinion of this author that the direction cosine representation
is not only the most straightforward but also the easiest to mechanize.

Possible computer algorithms are now considered. If § is constant,
a solution of the form

T(t) = T(0)e 't

is obtained where e raised to the matrix $2t power is defined by the expo-
nential infinite series. If tj4; -t, = h represents the time interval be-
tween successive computer cycles, the value of T at the time ty+] may be
written as

Tl ) = T(t e *"

But Qh for constant £ represents the matrix of small angles through
which the vehicle rotates in the time interval h. If that matrix is repre-
sented by A© = Qh, then

2

43,0897 . |

- A0 _
T(t = T(tn)e = T(tn) 1+ T 51

n+1)
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which defines an updating procedure. By letting the length of each computer
cycle approach zero, it would be possible to obtain a solution to an arbitrary
degree of accuracy. The mechanization approach which seems most straight-
forward then is to fix an angular resolution which is defined by the inertial
sensor employed (e. g. , the angular worth of each pulse, in digital torquing,
orthe pickoff resolution from an angle readout on a single-axis platform) and
then let the matrix A© represent the existence of a change in attitude of the
vehicle over one computer cycle. Thus, by truncating the infinite series
exhibited above, the result would be, for example,

T(t,4q) = Tlt,) + T(t) &0

or

AT(t ) = T(t) A6t )

which now defines a gating procedure for an incremental computer mech-
anization. The algorithm AT = TA© is a so-called first-order algorithm.
A second-order algorithm is the updating defined by AT = T[AO + (A8)</2],
which ig the next approximation of the series. It can be shown that the first-
order algorithm is the only stable algorithm that exists. The word '"stability"
as used here means that the error incurred by series truncation is bounded.

The problem of truncation is, of course, not the only consideration,
Of major importance is the coning effect previously mentioned. Since the
matrix A© represents a small but nevertheless finite rotation, the order
in which the nine direction cosine elements of T are updated is of prime
importance. Thig is, of course, a direct consequence of the non-
commutability of finite rotations. Thus not only must adequate truncation
be defined but also an order procedure for updating must be implemented.

Suppose p is the least angular change that may be sensed and issued by i
the sensor. (If the order of the sensor outputs is noted and implemented in i
the computer mechanization, coning drift may still occur due to angular

motion of amplitude less than the finite pickoff resclution. This type of

drift is usually much less than the unpredictable drift rate of the gyro.) If

w is the angular rate along one of the coordinate axes and if the restriction

is imposed that the direction cosine matrix can be updated only once per

channel per computer cycle, the inequality

wh<p

must hold so that information from the sensors is not lost. If the pickoff
resolution is, for example, 20 seconds of arc and the maximum vehicle
angular rate is one rad/sec, the time interval h allowed for one computer
cycle is roughly 10-4 sec or a computer iteration frequency of about 10 kc.
To put this frequency in perhaps more familiar terms, using machine
language and a computer program quite close to optimum with respect to
speed, this represents a computer - to - real-time ratio of roughly 6:1 or
8:1 on an IBM 7090 computer. On the basis of this example, straightforward
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computer mechanization in a general-purpose airborne computer seems out
of the question, and improved computer speeds in the foreseeable future
will not appreciably alter this conclusion,

If the above discussion is accepted, bagically two choices are available
to this type of a strapped-down system:

1. Design a special-purpose high-speed "front end" that may
be tied to a general -purpose computer to solve the direction
cosine problem.

2. "Trick" the computer mechanization by using some not-so-
straightforward method,

The first approach has many merits. Present-day computer logic has
more than enough speed to solve the direction cosine problem. The dif-
ficulty seems to lie in the economics of computer development.

"Tricking" the computer mechanization may take many forms. For
example, although the second-order algorithm previously discussed is un-
stable in the strict sense, it might be employed [as was done by at least one
company; see, for example, (3)] in system applications where only short
periods of operation are required and where larger angular increments can
be used. In this way, the direction cosine problem could hopefuliy be re-
solved through the use of a high-speed general-purpose computer.

In summary, then, the computer problem for strapped-down inertial
systems using rate information may be solved with little effort by a special-
purpose computer. The decision to do so, however, must come from other
considerations such as the over-all worth of the solution. In the author's
opinion, it is possible Lo solve the computer problem adequately for ballistlc
missiles by employing a high-speed general-purpose computer and a '"tricked’
computer program.

Computer versus Gimbal Trade-off

The merits of a strapped-down system using the rate integrating devices
previously outlined are now investigated. System analysts generally agree
that, with care in design, a strapped-down system can compete with a plat-
form in system accuracy. It is believed that present-day single-axis plat-
form and/or pendulous gyro accelerometers can meet accuracy requirements
in the body-mounted vibration environment. This may or may not require
shock mouniing of the sensor package. However, some gyro vibration errors
must be seriously considered. For example, in many gyros the principal
moments of inertia along the spin and input axes are mismatched. This may,
under certain conditions, cause torque rectification. Further, the spin,
output, and input axes of the gyro may not be principal axes of inertia. In
steady state this causes no problem, but it is possible to get torque rectifi-
cation through the off-diagonal elements of the inertia tensor of the gyro
gimbal. Many of these effects become less important in platform mechani-
zation. How important they are in strapped-down operation remains to be
seen.
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In a recent Honeywell study of two hypothetical systems, the smallest
gimbaled systern was compared with the smallest gimballess system. The
strapped-down system employed pulse torqued gyros and pulse rebalanced
pendulums for accelerometers, while the platform used the same sensors
in gimbals. Numerical results are classified and therefore not included
here. However, it can be reported that, although the strapped-down system
had an advantage in every category except possibly accuracy, the margin in
each case was within the uncertainty of the estimates. Thus, there was no
overriding factor in either system. In fact, on the basis of desigh experi-
ence, the platform should perhaps be declared the winner, What, then, can
be said for strapped-down systems using single-axis components ?

The study mentioned above used the smallest inertial sensors presently
available which meet the accuracy criteria defined. If larger sensors were
employed, to obtain some gain in accuracy or for some other reason, the
balance would probably swing toward the strapped-down system owing to the
larger platform requirements, At present, however, this advantage would
be slight.

Experience has shown that gimbal mechanisms are quite reliable com-
pared to the inertial sensors they support. On the other hand, the degree
of reliability of the computer that would replace the already proven gimbal
structure is still questionable. In any event, it would seem that inertial
sensor reliability is the dominant factor, and reliability of isolation and/or
computer hardware is secondary. Thus, arguments in favor of strapped-
down systems cannot at present be effectively generated from a reliability
standpoint.

The Maintainability Argument

In maintainability, strapped-down sysiems can take a strong stand.
Usually, if an inertial sensor in a platform fails, the entire platform must
be pulled from the vehicle and proper repairs made. This is necessary be-
cause the sensors in the platform inner element are somewhat inaccessible,
although some gystems employ an "inside-out' gimbal arrangement. In a
strapped-down sensor package, however, an individual unit (or at most, for
example, a gyro-accelerometer package) may be pulled and replaced. There
is, of course, the problem of physical alignment and/or calibration of the
replacement item, but this may be solved by accurate machining of the
mounting surfaces and possibly changing some computer alignment constants.

Conclusions

It must be kept in mind that the preceding discussion applies specifically
to strapped-down systems employing rate measuring devices. From this
discussion, the following qualified conclusions are drawn;

° With proper design care, strapped-down systems can compete
with platforms in accuracy.

. For long-term navigation, a high-speed special-purpose com-
puter is probably required to make strapped-down systems prac-
tical, For boost and/or injection or other short-term missions,
a high-speed general-purpose computer is dcemed adequate.
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® The computer-versus-gimbal trade-off in terms of size,
weight, and power may be slightly in favor of the strapped-
down system, but the margin is very small.

¢ Over-all system reliability is still dictated by the re-
liability of the sensors, and the picture will probably not
change in the near future,

e Easge of maintenance is generally in favor of the strapped-
down system.

As the size, weight, and power requirements of computer hardware are
reduced, as is being done quite rapidly, the strapped-down system concept
becomes more attractive. However, even without the computer, the balance
of power is not overwhelming, Considering, in addition, the over-all lead
in platform production techniques, the future of strapped-down systems of
the rate sensing variety is not favorable. Such systems can, nevertheless,

play a valuable role, but only to complement rather than to replace platforms,

INERTIAL SYSTEMS EMPLOYING
ELECTRICALLY SUSPENDED GYROS

The previous section of this paper was concerned with a comparison of
systems using rate integrating methods. -This section will deal with the
second dominant gystem concept -- that of obtaining an inertial reference by
direct observation, which includes the use of free gyros, star trackers, etc.
Only the free gyro, and in particular the electrically suspended gyro (ESG),
will be congidered here. The choice of the ESG for making a system com-
parison seems logical because it is the only free gyro presently available
which seems adequate for high-accuracy systems.

In the case of strapped-down versus gimbaled systems using rate de-
vices, discussion of system mechanization merits were only loosely tied to
the choice of the sensor. In ESG system considerations, the gyro charac-
teristics are more closely tied to the system analyst's approach. For this
reason, a portion ot this section is devoted to gyro operation.

Electrically Suspended Gyro Characteristics

Briefly, an ESG operates by controlling voltages applied to a set of
electrodes concentric with a spherical rotor. The electric force field de-
veloped between the rotor and electrodes continuously drives the rotor
toward the center of the gyro case, thus achieving support. When the rotor
is spun, its angular velocity vector tends to seek a stable attitude defined
by its axis of maximum inertia. This effect is accentuated by making the
hollow interior of the rotor oblong. Thus the spin vector (or angular
momentum vector) becomes fixed with respect to the rotor once nutation
incurred during spin-up has been damped out. Gyro readout is accomplished
through the aid of a pattern applied to the exterior of the rotor. By virtue
of the stable spin axis, the pattern bears a fixed relationship to the spin
direction.
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Two fundamental readout methods have been devised, each having
several possible variations. Both methods rely on an optical link between
a pattern inscribed on the rotor surface and optics fixed with respect to the
case. The first method employs a pattern on the rotor which is pierced by
the spin axis and is such that a signal proportional to the angular distance
between the spin axis and the optical line of sight is developed. This signal
can then be used to close a servo loop to drive the optlcal line of sight and
hence the gyro case so that it ""follows'' the spin axis. This method then
may be used as the basis of a gimbaled system mechanization.

The second method of readout, a strapped-down approach, uses the
timing of a series of line crossings of a pattern under a pickoff. The pat-
tern is demgned so that the frequency of crossing is a function of the angle
between the spin axis and the pickoff line of sight. By usmg two or more
pickoffs, it is then p0551ble to deduce the "direction cosines'" (i.e., the
attitude) of the spin axis with respect to the gyro case.

System Configurations

Bearing in mind that the fundamental purpose of the ESG's is to provide
"direction", two system configurations immediately present themselves:

e Use of gimbaled pickoffs of two ESG's to close a rate loop
through a set of gimbal drives and thus stabilize a platform
on which acceleration measurement is performed.

¢ Use of two strapped-down ESG's and a set of strapped-down
accelerometers in conjunction with a computer. The ESG
spin axis orientations can be uged to mathematically con-
struct an inertial frame of reference, and from this the
transformation T relating the attitude of the accelerometer
triad with respect to space is derivable. Thus the accel-
erometer outputs, measured in the moving frame of the
vehicle, may be transformed to inertial space.

These two processes are roughly the same, and indeed would be iden-
tical if the mathematically defined reference were the same as that of the
platform. Figures 5 and 6 are block diagrams of these mechanizations.

Initial system alignment for both the strapped-down and the gimbaled
system may be performed in one of two ways:

1. Closed-loop torquing
2. Computer alignment
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Although a ''precision" torquing capability of the ESG does not exist
(in the sense of precision pulse torquing of floated gyros), closed-loop
torquing can still be accomplished. This is done in the same fashion as
outlined in the systems configurations using rate gyros®,

A second method -~ computer alignment -- seems, in the opinion of the
author, to be the most desirable however for two reasons: (1) ESG mag-
netic torquing produces a heating effect which, although small, may be
detrimental to gyro performance and (2) the trade-off between hardware
complexity is probably in favor of the computer.

Alignment by the computer method is still accomplished by using the
accelerometer outputs for leveling and gyro outputs or optical link to obtain
azimuth, but the information is treated differently. For example, in the
case of the platform, the accelerometer outputs are with respect to an in-
ertial reference frame defined by the initial spin-up of the gyros. If the
platform is not torqued the accelerometer outputs will have to be trans-
formed to the frame of reference convenient for computation. (It should be
clear that computation could be performed in the gyro reference frame with
subsequent transformation of the result, but this is usually less efficient.)
The same remarks apply to the strapped-down system. Thus the trans-
formation between the gyro defined inertial reference and the computational
reference frame may still be generated from accelerometer and gyro outputs
and/or optical link, but the information is used to generate a transformation
matrix instead of torquing signals,

Reasons for Gimbaling an ESG

Two solid reasons exist for using the ESG in a gimbaled mode. The
first is accuracy of readout. Current pickoff technology indicates that the
pickoff is roughly an order of magnitude more accurate than the strapped-
down pickoff, but the gap between the two is closing quite rapidly, In either
case, however, the angular readout is sufficiently accurate to match most
present accelerometer accuracies.

The second reason for gimbaling an ESG concerns predictable drift
torque compensation. Of the sources of torques that degrade gyro perform-
ance, the two most serious but fortunately the most predictable, are mass
unbalance and electric torque caused by a nonspherical rotor. In the case
of gimbal mode operation, these two torques can be made to cancel each
other to achieve a very low torque null uncertainty. Torque compensation
in the strapped-down mode may be achieved through presently available
computer compensation techniques.

Thus, on the one hand gimbaled operation achieves more accurate read-
out and on the other reduces computer complexity.

“There is a slight difference; since ESG magnetic torquing coils are not
completely orthogonal, there exists torquing signal cross-coupling. It is
easily established, however, that with cross-coupling present the servo
is stable and achieves a null,




176

Computer Considerations

The difference in computer requirements between the strapped-down
and gimbaled system configurations is that the strapped-down system must
generate the time-varying transformation between the gyro-defined coordinate
frame and the triad defined by the accelerometers, and must correct for ef-
fects due to mass unbalance and electric torques. The torque compensation,
although somewhat complicated mathematically, is essentially a very low
speed calculation since all the computer must do is keep up with the uncom-
pensated gyro drift. This costs computer memory but very little else.

Generation of the time-varying transformation, although fast compared
with torque compensation, is slow compared with direction cosine integra-
tion, for example. Computer iteration frequency is estimated at roughly
50 to 500 cps. However, as contrasted with the incremental direction co-
sine mechanization outlined previously, the generation of the transformation
T usually requires total value multiplications which entail more computer
time. To further complicate the situation, present strapped-down pickoff
patterns on the rotor require square root and transcendental computations
which use additional computer time. As a result, it is concluded that with
the strapped-down pickoff techniques presently employed, no general-
purpose computer available today is capable of solving the strapped-down
problem in real time.

Fortunately, a stralghtforward solution exists and is being unplemented
Since the most prominent factor in sappmg computer time is the "gyrations"
required to obtain the pickoff information in efficient form, the most obvious
solution is to apply a pallern on the rolor which yields the pickoff output in
efficient form. This, of course, is the pattern that gives the cosine of the
angle between the pickoff and the spin axis as the time ratio of successive
pattern crossings. This type of pattern is referred to as a cosine pattern.

Thus, with a cosine pattern on the rotor, the strapped-down computer
problem may be solved in real time at the expense of additional memory
over that required for a gimbaled system.

Conclusions

From the discussion presented above, the following conclusions are
drawn:

[ ESG platform mechanizations are practical today. Strapped-
down systems, while possible to implement, must await
special-purpose computer development or a more efficient
pickoff to make them practical.

. Platform mechanizations are more accurate than their
strapped-down counterpart owing to a more accurate pickoff
and greater ease in drift torque compensation. Pickoff ac-
curacies in cither case, however, are sufficient for accurate
system implementation. With some effort, torque compen-
sation in a computer can be accomplished for the strapped-
down system,
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It is believed that precision gyro mass unbalance correction without the
aid of a computer can only be achieved in gimbaled operation in the fore-
seeable future®, while accurate electric torque compensation for either sys-
tem will be attained within a short time, New strapped-down pickoff de-
signs look promising; consequently, strapped-down systems utilizing
general-purpose computers should be practical very shortly. Strapped-
down pickoffs may never be as accurate as those using gimbals, but in
either case the rate of accuracy improvement seems to be outstripping both
accelerometer accuracy improvements and system requirements.

It is as yet impossible to state with any reasonable accuracy the division
of responsgibility between strapped-down and gimbaled systems, but it seems
safe to say that the role of strapped-down systems utilizing ESG's will be
larger than that of the system using rate sensing devices.

FUTURE INERTIAL SYSTEM ASPECTS

At least two new inertial sensor candidates are sufficiently developed
to warrant a short discussion of their possible implications. These are an
electrically suspended three-axis accelerometer (ESA) and the laser rate
integrating sensor.

The Electrically Suspended Accelerometer

It has long been thought that the ESG should make a good accelerometer.
Until fairly recently, however, the key to proper mechanization and the
method of accurate readout were missing. It now appears that an extremely
accurate accelerometer using the principle of force rebalance is achievable.
The mechanization,involving a nuclear magnetic or electron resonance tech-
nique integral with the force rebalance servo loop, results in automatic
digital readout with a very small fps/pulse weight.

Thus far, all of the techniques required to manufacture an accurate ac-
celerometer coincide with the requirements of an accurate gyro. Hence,
combining the gyro and accelerometer into one unit seems at present to be
quite practical, and effort is proceeding along these lines. The possibility
then of a system employing two instruments consisting of a combined ESG
and three-axis accelerometer (ESGA) presents itself. Further, for short-
term guidance misgsions such as ballistic missiles there is a possibility of
using an ESGA as the only inertial sensor and deriving the second axis of
required space reference by digital eomputation.

It is conjectured that if the size and number of the inertial sensors are
reduced to ultimate computer size, the strapped-down approach should be
in a much stronger position to usurp the present role of gimbaled systems.

*Recent fine balance techniques at Honeywell may change this view. Ex-
tremely precise balance has been achieved, but the question of stability
has not yet been answered.
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The Laser Rate Sensor

The laser rate sensor can be considered exactly like a conventional rate
integrating floated gyro insofar as system mechanization is concerned.
Hence, should it be strapped down or gimbaled? It is too early to say, of
course, but the following possibilities can be considered. From early esti-
mates this sensor offers the possibility of practically zero drift. If zero
gyro drift is assumed, the drift due to lags in platform servo follow-up and
commutation errors in strapped-down mechanization would become the
dominant error sources. The choice on an accuracy basis of a strapped-
down or gimbaled system then depends upon which of these errors can be
most greatly minimized. As a guess this would prabably be the commuta-
tion error in a strapped-down system because a platform follow-up lag can
look just like a commutivity error. In a computer the size of the lag is
limited by the computer speed and the gyro output angular resclution, In a
platform the lag is limited by physical parameters which determine the
platform "hangoff'' in transient rcsponsc. It would scem then that the com-
puter would stand a better chance of minimizing this error,

A second consideration would be the stability of the optical path length,
No conclusions have yet been reached on this subject.
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ATTITUDE CONTROL OF SATELLITES AND DETERMINATION
OF ORBITAL PARAMETERS BY USE OF ACCELEROMETERS

H. Winter

Textron's Bell Aerosystems Company
Avionics Division
Buffalo 5, New York

ABSTRACT

Attitude control of satellites and determination of orbital parameters are common
problems in present space technology. A method of inertial instrumentation to
obtain attitude error signals and those orbital parameters defining size and shape

of the orbit is presented. In particular, this paper proposes to provide this informa-
tion by use of accurate linear accelerometers only; this is desirable due to the
limited operating life of available gyros compared to the potential life of satellites.

Two of many possible configurations are presented, and the accuracy associated
with each method is analyzed.

The work described in this paper was company-sponsored.
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ATTITUDE CONTROL OF SATELLITES AND DETERMINATION
OF ORBITAL PARAMETERS BY USE OF ACCELEROMETERS

Herbert Winter
Textron's Bell Aerosystems Company
Avionics Division
Buffalo 5, New York

INTRODUCTION

A recurrent problem in present-day space technology is attitude control and
detarmination of arhital parameters of a satellite, especially the purameiers
defining size and shape of the orbit. Present plans call for the orbiting of unmanned
and manned space vehicles around the moon, Venus and Mars; the farther planets
will no doubt be approached in the not-too-distant future. Due to the communications
problems at inter-planetary distances, a self-contained system for determining the
attitude and orbit of a satellite appears to be very desirable,

The present paper establishes the feasibility of inertial instrumentation for
the determination of these satellite characteristics. Other methods, using active or
passive radiation instrumentation, appear possible. No attempt is made here to
prove the superiority of the inertial method; a comparative study of each type of

instrumentation is required to determine the best method for a particular application.

It would appear, however, that the method discussed here is at least competitive
with other known systems in terms of accuracy and reliability.

Previous writers have discussed the possibility of direct stabilization using
the gravity gradient torque (1), (2) as well as stabilization by use of acceler-
ometers (3). Others have described methods of obtaining orbital parameters using
accurate gyros as well as accelerometers (4), (5).

Compared to the potential life of a space vehicle, the operating life of present-
day gyros is limited. The present system therefore dispenses with gyros as pri-
mary instrumentation, limiting itself only to accelerometers. A low-accuracy angu-
lar reference, stellar or gyroscopic, is, however, required during the initial stages

of control to avoid certain ambiguities existing in the accelerometer instrumenta-
tion.
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DERIVATION OF EXPRESSIONS FOR ACCELEROMETER OUTPUT

First, the measured acceleration at an arbitrary point within the satellite will
be derived. This acceleration will appear in the form of a vector; a physical acceler-
ometer will, of course, measure only one component of this vector acceleration.

Assuming a right-handed coordinate system, axes x, y, 2, fixed to the satellite,
with its center at the satellite's center of gravity, let the position vector of the
accelerometer measured in this system be 8 (see Fig. 1). Since the measured
acceleration at the center of gravity is exactly zero for an orbiting vehicle, it is
sufficient to derive the measured acceleration at point 8 with respect to the center of

gravity.

Since the ncagnitude of § is constant, the true acceleration at this point with
respect to the center of gravity is easily shown to be

§T=¢Tax's'+ wx ( Wx 8), (1)
where @ represents the total rotation vector of the satellite with respect to inertial
space, and a dot above a quantity denotes differentiation with respect to time.

The measured gravity may be represented by

g-L7, @

where T is the vector distance from the center of attraction, and ¥ is the product of
the gravitational constant and the mass of the attracting body. Using the subscript
for quantities at the satellite's center of gravity, we may write the difference in
gravity between point 8 and the center of gravity as

- Y 7 Y = 8- Fo o
-8, = Ir+sl3(r + B)- 02}? (5-3?%),5«1'0, 3)

Ag -

(151

It is useful at this point to define a second set of coordinate axes as follows
(see Fig. 2):

i

unit vector along horizontal component of velocity vector;
unit vector parallel to orbital rotation vector;
unit vector along vertical, positive up.

b e e |
I

1

Uy
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Fig. 1, Satellite Coordinate System

- Fig. 2. Orbital Coordinate System
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Noting that Ty = Krg, and expanding the triple vector product in Eq. (1), Egs. (1)

and (3) are now combined to give the total measured acceleration vector

B8+ AF= x5+ 5.5~ w2§+-13-(s--3§.m).
r
[o]

Eq. (4) may also be expanded into a matrix equation

By @ xx ey Ay X
a |= 8

y Syx  %yy  C%yz ||y |
) Cx Gy Qzz/ \32

where the elements of the matrix are as follows:

2
Q= "Wy, Cw, 73 (1-3ckx),
r
o
L P 4
Quy ™~ W, " Wy wy 3r3ckxcky.
o

Qur~ Wy " wy ”z—3r3ckxckz,

Gy~ w, " wy wy 3 ky ®kx ,
o
2 2 7 ( .3)
ny—-—wz wx +r3 1 3Cky ,
o
_ Y
Ay, “"wy " Wy wz-3r3ckyckz,
o
e Y
Qx "Wy w, wy SrSCszkx.

4)

(8)

(6)
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@, = b+ wy_S_r.‘ickzcky,
o
2 2 7( 2)
@z "W wy+r3 1-3¢, ),
0

with ckx denoting the cosine between the k and x axes, etc.

It should be noted that each of the elements of the matrix of Eq. (5), as
expressed in Eq, (8), represents the output of an accelerometer one unit distance
away from the center of gravity; for instance, Ay is equal to the acceleration
measured along the x axis by an instrument one unit distance along the y axis from
the center of gravity (see Fig, 3). The nine terms may therefore be considered as
the outputs of three triads of accelerometers, each triad mounted a unit distance
along one of the axes from the center of gravity, and each consisting of three orthog-
onally mounted accelerometers measuring in directions parallel to these axes.

In general, the output of any accelerometer whose sensitive axis measures in
the direction indicated by direction cosines cy, Cys Cz with the x, y, z axes is

a =ca +c8a +ca . )
XX yy zz=

Substituting Eq. (5) in Eq. (7), wie obtalns

a=§i: zj:cisj a“;i=x,y,z;j=x,y,Z- ®

Inspection of the terms in Eq. (6) indicates that the direction cosines between
the vertical and the vehicle coordinate axes appear only as products of pairs. This
makes it inherently impossible to differentiate between the upward and downward
directions. Similarly, components of angular rotation appear only as products of
pairs, making it impossible to determine the sense of the rotation vector. The
following analysis therefore assumes initially small angular errors, on the order of
less than five degrees, and angular rates small compared to the orbital rate, i.e.,
less than about ten degrees per hour. This permits removal of the nonlinearities in
the expressions of Eq. (6).

Assume the x axis approximately aligned with the { axis, the y with the j axis,
and the z with the k axis; let ex be the angular error about the x axis, 8. about
the y axis, 9Z about the z axis. In addition, denote the orbital rate by w g. Then,
approximately, neglecting second-order terms,
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Fig. 3. Accelerometer Placement Equivalent to Matrix Elements of Eq. (5)




186

ey =" ey’
cky - ex'
Cry = 1;

Substituting Eqs. (9) in Egs. (6), again neglecting second-order terms, one
obtains the following:

=Y _ 2. ]
@, T W 2 w 9y.

s s
r
0
a,  =- é+2w 6+ 8 2
Xy z 8 8 "x+ Wg z’
o 3 Y
@, = W+ 8y+3r3 8,
o
-6 -4 8+ w’8
@ yx 2z 8 °x 8 2’
. X
yy 3
o
—_ 7 2 L]
ey, —ex- (31‘3+ ws)ax- W ez’
o
- - L
a,, w, 9y+3r3 Gy.
Q
- Y 2 .
Xyy = ex|2 We ez- (3?§+ Wy ) ax+ ws ez’
o]
_ y 2 :
@™ (2 37 Y )“2 Y 8.

(9)

(10
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ATTITUDE CONTROL EQUATIONS

The following combinations of the terms in Eq, (10) provide useful signals for
attitude control:

Ax:% (aszr azy) T W éz- (3:%+ ""sz) 6,
o
Ayz_;_ (azx+ axz) :3-1% ey’ (21)
o

1 A 2
A =5 (axy+ayx)-w59+ w8

There are several combinations of accelerometers with which the expressions of
Eq. (11) can be obtaincd. Two of these will be described,

Method 1

Each of six accelerometers is mounted so as to provide one of the a terms in
Eq. (11). The arrangement is indicated schematically in Fig. 4, and may be tabu-
lated as shown in Table 1.

Table 1. Accelerometer Arrangement, Method 1

Instrument c c c 8 8 8 Output
X y Z X y 2
a, 0 0 1 o 12 0 (1/2) a,,
a, 0 1 0 0 0 1/2 1/2) ey,
a, 1 0 0 0 0 1/2 (1/2) a,,
a, 0 0 1 1/2 0 0 (1/2) a,,
a 0 1 0 1/2 0 0 (1/2) a vz
ag 1 0 0 0 1/2 0 (1/2) @y
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Fig., 4. Accelerometer Placement for Method 1

Fig. 5. Accelerometer Placement for Method 2
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The expressions of Eq, (11) are obtained as follows:

Ax = al+a2,
Ay =a3+a.4, (12)
A, = 85t

The actual values for 8 sy, s are, of course, arbitrary; they really

represent scale factors which may be adjusted by amplifier gains, potentiometers,
etc, Their relative values for any one accelerometer, however, are critical,

Method 2

Ouly {ive accelerometers are required, Two of these are located on the x and
y coordinate axes, with their sensitive axes along the same coordinate axes; the other
three are each located in a plane through two of the coordinate axes, and half-way
between these two axes, their sensitive axes along the bigector of these two
coordinate axes. This is shown in Fig. 6, and tabulated in Table 2.

Table 2. Accelerometer Arrangement, Method 2

Instrument cx cy cz sx sy :3Z Output
a,, 0 /22 2/ 0 S2/2J2/2| 102 (et eyt e, tay,)
By W2 0 VEVR/2 0 V21172 (@t e, e, ra,)
ag, |V2/2V2/2 o |V2/2 ve/2 o |1/2 (axx+ a,,* cyx+ayy)
8, 1 0 o 1/2 o0 0 |1/2 a..
a, o 1 o] o 1/2 o0 [1/2 ay,

Noting from Eq. (10) that

@y, = Buy ™3 @y (13)
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the expressions of Eq. (11) are as follows:

Ax = By m 8, 2a5,,
Ay = 8y, - 2a4' + 3a5,, (14)
Az T gy =8, B,

Next, it will be shown how the expressions Ax’ A, AZ arc used to control the
attitude of the vehicle, y

Signal A may be used directly in the y-attitude channel, since it is proportional
to the error agout the y axis (see Eq. (11)). The gain is, of course, not constant in
the general case of an elliptic orbit, but this should not be too critical. An initial
estimate can be made, and, if necessary, the gain may be adjusted on the basis of
the computed orbital parameters.

Eq. (11) indicates that the x and z channels are cross-coupled due to the orbital
motion about the y axis. They may be separated by performing the following
operations:

L = y 2
[ —— = -t
Ax— Ax+ “’sA 9+(3 3+ws)ex’

Z X r (15)
ey °
3Y/r
Ay = (l+ 0’02 )Az ﬁAx= ez+(3—3+ wsz) ez'

Each term is now a function of the error about only one axis, and, with proper filter-
ing, may be used for attitude control about this axis. As in the y channel, the gains
may be adjusted on the basis of the orbital parameters. To the extent that the gains
in instrumenting Eq. (15) are incorrect, there wil] be cross-coupling; in particular,
the A% term will include a term proportional to 8,, the A} term one proportional to
8 x. These terms will not affect the steady-state condition of the system.

ORBITAL PARAMETER DETERMINATION

It is recognized that, unless accurate initial conditions are available, only
three of the six orbital parameters are obtainable by purely inertial means. These
three parameters are the ones defining size and shape of the orbit, and the vehicle's
position in the orbit (e.g.: semi-major axis, eccentricity, and true anomaly), Fortu-
nately, it is just these parameters which are most important in accomplishing orbital
missions about the bodies in our solar system.
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If Method 1 is used to provide attitude stabilization, the rate of change of
orbital rotation may be obtained from

A0 =ag-a, = gt ey' (16)

After attitude control reduces Hy to zero, only dJs remains. From orbital
mechanics, ‘

3
. 27 fl+ecosv
ws = -3 ( p) )sin v, 17
r l1-e
m
where
r = semi-major axis,
m
e = eccentricity,
v = true anomaly (v = w):

Standard curve-fitting methods are used to compute the orbital parameters from A,
either continuously or at known time intervals,

1t is evident, however, that this method will not provide answers in the case of
a circular orbit, since for this case Ag = 0 regardiess of the radius of the orbit, A
seventh accelerometer would have to be used to provide this information, e.g., one
which is placed one unit distance along the y axis with its sensitive axis along the y
axis, thus measuring Qyy = ¥/ro3 (see Eq. (10)).

If, on the otlier hand, Method 2 is used for stabilization, only five acceler-
ometers are required, since ag' provides the necessary instantaneous radial
measurement directly, and is thus suitable for circular as well as elliptic orbits.
Thus,

3
1Y l+ecosv
q50 =3 3( 2)’ (18)
1-e
m

from which the orbital parameters may be computed by curve fitting.

ACCURACY ANALYSIS

The accuracy of each accelerometer output is determined by the accelerometer
accuracy itself, by the accuracy of its location, and by the accuracy of its alignment.
Using Eq. (8), the output error of any given accelerometer may therefore be repre-
sented by the expression
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Aa-= ¢a+§ % (.Acisj a )s (19)

; .+ciAsjai

i J

where <, denotes the error inherent in the instrument, and a A before a quantity
indicates an error of this quantity.

The errors in direction cosines are expressed in terms of misalignment angles
of the instrument as follows:

Ac
X

n
e}
[+ ]
)
o]
02

Acy= c, 8Z-cz sx’ (20)
Acz=c S -c §,

where 8 x 18 the accelerometer misalignment angle about the x-axis, etc.

To obtain the accuracy of the system, the accelerometer output errors are
determined from Eq. (19), using Eq. (20) and Table 1 or Table 2 (depending on which
of the two methods is being analyzed). The errors of the attitude control signals are
then obtained from the differential of Eq. (12) or Eq. (14). The attitude errors are
determined from the differential of Eq. (11) for the steady state, i.e.,

a6, -- (32 w?) Taa,

X r X
o]
I AR
A8, - (3 - 3) AAy. (21)
o]

A8, - ws-z Aa

The errors of the orbital parameter indication are similarly obtained from the
differential of Eq. (18):

AdS' AI‘m (1+ e2) cos v + 2e e sinv
T Sl 2 Ae_31+ecc»stv‘
5' m (L-e’) (L+ ecosv)

(22)

The following analysis is made for illustrative purposes on the basis of low-
level circular earth orbits. The distance for mounting the accelerometers is taken
to be one meter,
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Accelerometer Accuracy

It is assumed that the errors inherent in the various instruments are equal and
independent, so that, in the error equations corresponding to Egs. (12) and (14),
addition occurs in terms of the square root of the sum of the squares, e.g., the error
equation corresponding to the first equation of Eq. (12) is

AAx =/ Aa12+Aa22 = /2 ., (23)

An accelerometer accuracy of 10'9g is assumed for an instrument whose total
range i8 10-3g. This implies a threshold of less than 10-9g and a linearity of better
than 10-6, A range of 10-3g provides a large enough linear region for operation at
reasonable angular velocities and accelerations. Thresholds of 10~8 maximum range
and linearities of one part in 108 appear feasible in today's advanced developments.

Using a total instrument error of 10~9g, the attitude errors are shown in
Table 3.

Table 3. Attitude Errors Caused by Accelerometer Errors

Method 1 Method 2
A8, g fmin 14 fin
A8, 11 A 28 fih
A8, 32 hin 39 fin

From Eq. (22), the error in indication of major axis is seen to be 28 km, the
error in eccentricity about 0.004.

Accelerometer Alignment

The effect of accelerometer misalignment is very small; if the alignment
accuracy is one minute of arc about each axis, the total corresponding attitude errors
are half a minute of arc about each axis for both methods of instrumentation. The
effects on orbital parameter determination are negligible,

Accelerometer Location

It will be assumed here that the position of the center of gravity is accurately
known, that the accelerometers are located with respect to this position, but that this
location is in error. (Errors in the location of the center of gravity are discussed in
the next section.)
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The standard errors in location of any accelerometer are taken to be 1 mm in
each direction, and are assumed independent. The corresponding attitude errors are
presented in Table 4.

Table 4, Attitude Errors Caused by Accelerometer Location Errors

Method 1 Method 2
A8, 3 min 3 min
Agy 3 ﬁn 4 fin
A8, 3 fath 4 fain

The major axis will be indicated to an accuracy of 4 km, the eccentricity to
less than 0.001,

Center of Gravity Location

The location of the center of gravity will generally not be known very accu-
rately. It will be assumed optimistically that it i1s known to an accuracy of 1 ecm.
The corresponding errors are obtained from the same equation used in the preceding
gsection, but assuming perfect correlation between accelerometer location errors in
the same direction, no correlation between errors in different directions.

The corresponding attitude errors are shown in Table 5.

Table 6, Attitude Errors Caused by CG Location Errors

Method 1 Method 2
A8, 32 fafh 30 fih
A8, 34 fain 42 i
AG, 34 fy 10 foin

The errors in orbital parameters will be about 40 km for the major axis, 0.007
for eccentricity.

It is interesting to note that these errors, attitude as well as orbital parameter,
are caused by center-of-gravity location errors in the y and z directions; the error
along the x axls produces negligible system errors.

R
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If necessary, the errors due to inadequate knowledge of the location of the
center of gravity may be reduced considerably by using two additional accelerometers
placed at what is beiieved to be the center of gravity, with their sensitive axes along
the y and z axes, The readings of these accelerometers may then be used to correct
the other instruments. Due to the insensitivity of the system to x-axis errors, as
seen above, an additional accelerometer along the x axis is not required. This brings
the total number of accelerometers up to seven for a complete system in which the
errors in center of gravity location are compensated.

CONCLUSION

The analysis indicates the feasibility of an accurate reliable system for attitude
control and determination of three orbital parameters, using only accelerometers as
sensing instruments. The biggest limitation to the system described as '"Method 2",
using just five accelerometers, is uncertainty of the location of the center of gravity;
this error can, however, be compensated by the use of two additional accelerometers,

The figures used in the accuracy analysis are felt to be typical of instruments
currently under development at Bell Aerosystems Company and, perhaps, at other
companies, with spacing between instruments commensurate with proposed vehicle
sizes. It therefore appears entirely feasible to provide a seven-accelerometer sys-
tem with a vertical error of less than 30 minutes of arc, an azimuth error of 40 min-
utes, error in determination of semi-major axis within 30 kilometers, and error in
determination of eccentrieity within 0.004,
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ORBIT DETERMINATION ERROR ANAIYSIS

D. R. Speece
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Engineering Division
El Segundo, California

ABSTRACT

The problem of orbit determination by radar tracking data is
breoken into its constituent parts,which are then subjected to
detailed examination. Typical results are presented and dis-
cussed as a method of arriving at general conclusions. The
behavior of orbitalerrors isinterpretedinterms of the influence
of their sources and the nature of their propagation, The em-
phasis of this analysis is on why orbital errors behave as they
do, how well can we expect to determine orbits, and how can
we do better. The conclusions are based on the results of a
large number of digitalsimulations with the Aerospace TRACE
program and the General Electric Pat-B program, plus limited
experience in the reduction of '"live" data from the SCF net.




198

ORBIT DETERMINATION ERROR ANALYSIS
D.R. Speece

Aerospace Corporation
Engineering Division
El Segundo, California

INTRODUCTION

The advent of large scale digital computer programs for the
determination of the orbits of near-earth satellites has resulted in the need
for criteria for the determination of the zccuracy of thie resullani orbits in
areas remote from the tracking stations, and for techniques to immprove this
accuracy. This has lead, in turn, to the generation of large scale digital
computer programs for the analysis of orbital errors, The results presented
here were obtained by the use of such error analysis programs.

An orbital plane coordinate set is selected for the error analysis, The
general characteristics and phase relationships of the position and velocity
errors in this coordinate set are then presented, The dependence of the
magnitudes of the orbital errors on the measurement system is presented in
the form of bar charts of maximum position errors after one and two track~
ing passes by systems which measured various quantities to vehicles in
circular orbits at altitudes of 200 nm, 2000 nm, and 100, 000 nm., DBecause
these results represent the maximum capability in orbit determination when
the only sources of error are station location errors, constant measurement
biases, and Gaussian noise in each measurement, they are considerably
better than can actually be achieved in most cases. Because of the interde-
pendence of orbital errors through the equations of motion, the accuracy of
determination of position relative to velocity at any point in orbit is not a
function of whether the determination was by range or by range rate measure-
ments, A curve of the equivalence of range and range rate as orbit determi-
nation quantities is given. The advantages of interferometer systems in
orbit determination is also discussed, In conclusion, an analysis of the fac-
tors which limit the practical accuracies of orbit determination is given,

The orbit determination simulation programs take a specified orbit,
earth model, and tracking system. The ensemble average errors in the
system orbital prediction are then computed by statistical combination of all
the tracking data. The resultant estimates are reliable only as long as the
predicted orbital errors are larger than the uncertainties due to neglected
sources of error.

In the radar tracking orbit determination problem, the sources of error
are:
| Radar measurement errors
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Coordinate reference errors
Earth shape and mass uncertainties
Atmospheric drag uncertainty

Uncertainties in extraterrestrial perturbations

o N W w N

Uncertainties in reference metrics such as the radius of the
earth, the speed of light, and the astronomical unit

7. Computational errors.

The first two of these are dependent on the basic capability of each radar
tracker and the care with which it is installed, surveyed in, and calibrated.
Station timing accuracy is dependent on the accuracy of reception and use of
an external reference signal such as ihat provided by radio station WWYV.
The basic measurement accuracy is limited by target characteristics and by
the accuracy of atmospheric corrections. The lower limit on the coordinate
reference errare ia imnored hv area aurvev accuracy which ia. in turn,
ultimately limited by uncertainties in the shape and mass distribution of the

earth.

With respect to mass perturbations by the geopotential harmonics and
by the sun and moon, these are sources of orbital error only if they are
omitted from the data reduction program. If the source of perturbation is
included in the program model, then only the error in its computed vector
magnitude is a source of orbital error.

The accurate tracking of many satellites over long periods of time has
provided data for better estimates of the data reduction program constants
such as the geopotential harmonic terms, solar radiation pressure, the
structure of the atmosphere, the radius of the earth, etc. For near earth
orbits, the uncertainties in the speed of light and in the astronomical unit are
not significant enough sources of error to allow appreciable reduction in
their uncertainties by tracking data reduction. It is important to recognize
that the ability to calibrate the computer program earth model and to correct
measurement bias and survey errors by tracking data reduction is strongly
dependent on the relative contribution of the parfticular error source to the
" resultant total error in the computed orbit. Thus, the third zonal harmonic
gcar shape) was found by its cumulative long-term effect on low inclination
orbits. The resultant departure of the computed orbit from the measured
orbit exceeded the limits assignable to measurement bias and survey error
alone.

The orbit determination programs generally compute residuals between
measured quantities and computed quantities. The nonlinear orbital equa-
tions are expanded in Taylor series about a nominal solution. The resultant
linear set of first difference equations is then solved by a matrix formulation
to obtain agreement between the computed orbit and the measured data. The
criterion for satisfactory solution is usually minimization of the weighted
sums of the squares of the residuals. An alternate weighting technique is
the maximum likelihood criterion which provides optimum recognition of the
effects of measurement bias and survey errors.
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An obviocus computational error in orbit determination is computer
roundoff error. The above matrices tend to be ill-conditioned. Because of
this, double precision computation of the terms in the matrices is often
necessary. Even then, erratic results can often be traced to computer
roundoff errors.

Let us now examine some of the characteristics of orbital errors. For
our purposes the most convenient coordinate set is a vehicle centered set in
which position and velocity components are measured in the direction of the
horizontal component of the velocity vector (in-track), normal to the orbital
plane (cross-track), and along the earth-central radius vector (altitude). As
will be shown, this set has close physical coupling to the conventional orbital
elements.

CUMULATIVE ERROR PROPAGATION

The orbital error analysis programs generally compute one-sigma
cphemncris unceilainly matiices resuliing {rom a tracking pass. These are
analytically propagated along the orbit to the next tracking station. The new
measurements result in reduced orbital errors which are then propagated to
the next station., This process is continued over the period of interest for
the problem at hand.

Typical behavior of the orbital errors is illustrated in figures la, lb,
and lc. The general pattern of these results has been repeated in many
simulations of the capabilities of a single tracking station which measures
range, range rate, and/or angles once per revolution to a vehicle in a nearly
circular orbit at any altitude. The curves present the components of ephem-
eris uncertainty at each point along the orbit as a result of errors in all
preceding tracking data. The position and velocity errors are presented in
pairs to emphasize the phase relationships between them. We will now in-
vestigale the reasons for this particular pattern.

Consider the behavior of the positional errors. The increase in in-
track error after the first pass (figure la) is primarily due to period error.
But it is also dependant on the uncertainty in eccentricity. Hence, it increases
most rapidly on the side of the earth opposite the tracker. The composite
curve has a steady rise due to period error on which is superimposed a
nearly sinusoidal oscillation whose period is equal to the orbital period as a
result of eccentricity error.

The cross~track error (figure lb) depends primarily on the accuracy
of determiration of the orbital plane (inclination and longitude of the ascend-
ing node). Since the orbital plane intersects the center of the earth, the
cross-track error drops to its minimum value at the tracker and at the
point on the opposite side of the earth from the tracker. This second point
is better known than the first (in real-time error propagation) because the
second half of the tracking pass contributed to its determination. The
variable component of cross-track error is a rectified s ne-wave whose
period is equal to the orbital period. The rectification is a result of the rms
nature of the error computation.
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The altitude error following the first pass (figure lc) is primarily a
result of major axis uncertainty. Hence, it is roughly a half-sine wave
between the first two tracking passes,

The nature of the error decrease during tracking can be explained as
follows: at the minimum range from the tracker the slant range vector can be
resolved into a cross-track component and an altitude component. The accu-
racy of the resolution is a function of the range and angle accuracy of the
tracking system. The most valuable cross-track and altitude data is that
obtained near the minimum range point. The best in-track data is often ob-
tained near the radar horizon where the slant range vector is most nearly
aligned with the vehicle velocity vector.

When the tracker first spots the vehicle on the second pass (roughly
one revolution later) the in-track error is immediately reduced to a much
lower level than before. The ballistic constraint {orbital equations of motion)
allows a greatly improved estimate of orbital period. The resultant im-
provement in knowledge of the major axis of the orhit provides gircey laver-
age in the computation of both altitude and in-track quantities. The eastward
shift of the tracker due to earth rotation between passes provides a more
accurate indication of the orientation of the orbital plane with a resultant re-
duction in cross-track errors.

After the second pass the in-track position error has the form of a
half sine wave as would be expected if the tracker were near apogee or peri-
gee of the orbit and the major axis were accurately known but eccentricity
and the argument of perigee were still significantly in error. These same
conditions explain the shape of the in-track velocity error and the altitude
errors. Because of measurement errors, a tracker near perigee or apogee
of an orbit invariably obtains a weaker solution for the argument of perigee
(and path angle) than if the tracker were located elsewhere along the orbit.
Because of the stronger solution for the path angle of the velocity vector,
sligiitly eccentric orbits can apparently be more accurately determined than
very nearly circular orbits. If the tracker is not located near apogee or
perigee, then the phase of the eccentricity contribution to orbital error is
shifted accordingly. It is then possible for the in-track and/or altitude posi-
tion errors following the first tracking pass to continue to decrease for a
short while after the end of tracking.

After two passes by the same tracking station, the orbit is often suffi-
ciently well determined that measurement bias and station location errors
result in relatively slow improvement with additional passes However,
because of some variability of physical system biases and because of the
changes in the tracking geometry from pass to pass, there is scme smooth-
ing of the systematic measurement errors over succeeding passes. Also,
the more accurate the measurement system, the less the relative improve-
ment in the orbital estimate with a second pass. The effect of measurement
type and accuracy is discussed later.

The velocity error curves bear a rough derivative relationship to the
position error curves. This effect is most noticeable in the case of the
cross-track errors. This is a result of the fact that the cross-track position
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is most accurately determined at the tracker where the cross-track heading
error in the velocity vector is a maximum. Because the orbital plane inter-
sects the center of the earth, this results in errors of the following form:

. 2T
T R o lsmT)-(t-to)[ ,
max
and
2 2n
~ — -
o, X O, cosp(t to)|,
max

where P is the orbital period and t, is the time of the minimum slant
range from the tracker. Because of the strong dependence of the first pass
determination of orbital inclination on system angular (azimuth) accuracy,
the maximum crogs-track error after one tracking pass for low altitude
orbits is

L (first pass) & r; ,
max

where r is earth central radius to the satellite and @ is the smoothed azi-
muth error (usually the azimuth bias), As orbital altitude increases the
longer tracking arcs permit the first pass determination of the orientation of
the orbital plane by the station latitude dependent effect of earth rotation on
range and/or range rate measurements. This effect is inclination dependent
and vanishes for equatorial orbits.

The in-track and radial velocities for an elliptical orbit are of the form

. Vo
I ce———r1 (1l +¢cos B) ,
1 - ¢
and
- vo
A= ——————¢ 8in 0 ,
1 - €2

where V. is the mean orbital velocity, € is eccentricity, and 8 is angle
from perigee. Assuming small eccentricity, the errors in these are of the
form
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Al % AVO+Vo (Ac cos & - ¢ AO 8in 8) ,

and

AA%GAVO sin9+V0 (Ae 8in O + ¢ AO cos @)

Between tracking periods, AV,, Ae, and A@ remain constant. After the
orbital period has been accurately determined by a second tracking pass, the
error in semi-major axis and, hence, V, is negligible. We then have

Ai(e-%)x AA (9), AA(e-;);z - AL (9)

The statistical combination of the above components of error and their
integrals produce curves of the form of figures la and lc. It has been found
that there i8 strong quarter-orbit correlation of the type suggested above.
But it has been observed in the computer results that the maximum value of
cg is invariably larger than the maximum value of oj .

After two tracking passes, the apparent form of the in-track and alti-
tude velocity errors of figures la and lc is

2r(t -t )
gin| —s—= +¢
P 91 !

wikc‘i

and

2w (t - to)
coB (——r + 0'92 )

max

where P is again the orbital period, t, is time of tracker passage, and the
og; are phase errors related to the uncertainty in the location of perigee.

Because the coordinate directions in the orbital plane set rotate with orbital
motion, the position errors are related to the above velocity errors as
follows
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t t
O'I%-%f(ri (t)dt-%/aA(t-%) dt
)

[o]

and

2 asbedad

)

( > <Z11(t - t,) )
X = |- + 0 8in - + 0 .
m Ima.x Amax 94

The factors 1/2 and the cross-coupling with a quarter-orbit phase shift are
in recognition of the interchange of coordinate directions each quarter orbit
as a result of coordinate rotation. The signs of the integrated terms and the
algebraic rather than rms addition are a reault of the statistical correlations
(indicated by the computer programs) between the components of error. The
resultant expressions are seen to satisfy the obgerved fact that the maximum
altitude position error is invariably considerably smaller than the maximum
in-track position error. This appears to be a necessary result of the effect
of the eccentricity error.

S

The above formulas have been derived in an attempt to explain observed
results given by the error analysis programs. Rearranging them, we find

and

max max

These approximations have been found to be very nearly correct for a wide
variety of orbits. Although the altitude position error is smaller than the
in-track position error, the converse is true of the corresponding velocity
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errors. Physically, the reason can be traced to the large effect of the un-
certainty in perigee location on the altitude rate error. Because orbital
altitude at the tracking station is accurately determined, this uncertainty has
a much smaller effect on the altitude position error.

Because the errors of figures la, lb, and lc represent average rms
values, the basic sinusoidal oscillations are rectified and the effect of phase
uncertainty and constant components is to fatten the curves and fill in the
low points. The indicated phase relationships and the above ratios of velocity
to position error are strong functions of the orbit determination geometry
and are only weakly influcnced by the quantities measured for orbit determi-
nation. But, as discussed in the next section, the actual magnitudes of the
orbital errors are a strong function of the measurement mix and accuracy
as well as orbital altitude.

THE CAPABILITIES OF VARIOUS MEASUREMENT SYSTEMS

Let us examine the orbital accuracy obtainable from the data of a single
tracking station which measures various quantities to various accuracies.
For the sake of uniformity, let the tracker be located at VAFB (34. 7 deg N
Latitude, 120.6 deg W Longitude), have a data rate of one set of measure-
ments per 20 sec, a station location uncertainty of 100 ft N-§, 100 ft E-W,
and 50 ft vertically, and limit the tracking to elevation angles above 10 deg.
Assume the only sources of orbital error are the above survey errors plus
white Gaussian noise and constant biases in each measurement. Assume
data reduction is by the maximum likelihood criterion.

The results of the system comparison are given in figures 2, 3, and 4
which present the maximum one-sigma positional errors after one and two
tracking passes for various measurement accuracies and orbital altitudes.
The altitudes selected were 200 nm, 2000 nm. and 100, 000 nm. The 200 nm
orbit had an inclination of 40 deg. The satellite passed to the east of the
tracker at a maximum elevation angle of 45 degrees on the first pass and to
the west of the tracker at a maximum elevation angle of 45 deg on the second
pass. The 2000 nm orbit was polar and also had maximum tracking elevation
angles of 45 deg for the first two passes. The 100, 000 nm orbit was equa-
torial and. hence. had a maximum tracking elevation angle of 54. 1 deg

Figure 2a compares the maximum ephemeris prediction errors of
various systems after tracking a satellite for one pass ina 200 nm orbit In
cach case the system which measured range rate (0.3 fps bias, 0.03 {ps ran-
dom) produced more accurate estimates than the system which measured
range (300 ft bias. 300 ft random). As can be seen, the cross-track error
increases almost linearly with angular (az‘imuth) bias.

Figure 2b illustrates the order of magnitude improvement in ephemeris
prediction after a second tracking pass. The range rate results are now
seen to be almost independent of angular accuracy. Fits to low altitude SCF
net range and angular data have shown a similar lack of sensitivity of multi-
ple pass fits to the omission or inclusion of angular measurements. But in
these cases more than one station and more than two passes were used Also,
at the 200 nm altitude. the three per minute data rate of figure 2 is insuf-
ficient for good smoothing of the assumed 300 ft random range error.
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Figure 3 shows the first and second pass ephemeris errors for a 2000
nm orbit. The relative lack of sensitivity of second pass results to angular
accuracy is again evident. Also, at the higher altitude, the first pass cross-
track error no longer shows a linear dependence on azimuth bias. The en-
hanced value of first pass range data with poorer angular data is also
evident.

Figure 4 shows the value of 35 ft range measurements as a function of
orbital altitude. The time between passes increased with altitude as follows:

Altitude (nautical miles) 200 2000 100, 000
Time between passes (hours) 1.5 2.2 15. 8
Orbital Period (hours) 1.5 3.0 232

Thus, earth rotation brought the 100, 000 nm satellite back above the 10 deg
tracking horizon again in one-fifteenth its orbital period. Because of this,
the maximum positional errors did not correspond to the peaks of the curves
of figure 1 but were considerably amaller. Keeping this in mind, the rela-
tive degradation in positional knowledge with vehicle altitude is evident in the
first pass results of figure 4a and is amplified in the second pass results of
figure 4b. The first pass resulte for the 200 nm orbit show no improvement
in accuracy with the addition of range measurements, whereas there is im-
provement after the second pass. This is a result of the inability of the data
reduction process to smooth the 100 ft station location error until after a
second pass,

The 100, 000 nm results are not strictly comparable to the lower alti-
tude results, The positional errors given in figures 4a and 4b were at less
than one-tenth revolution after the end of tracking rather than representing
maximum values over the following revolution. Because the orbit was equa-
torial, the first pass cross~track error was primarily dependent on the
angular tracking history. There is a generally weak dependence of first pass
range and/or range rate data on inclination errors for nominally equatorial
orbits (the situation is analogous to the problem of obtaining a good solution
for the path angle of the veiocity vector for nominally circular orbits)., The
second pass occurred only a small part of a revolution after the first. The
small improvement in the second pass in-track position error with the
measurement of slant range reflects the greater ability of the maximum
likelihood data reduction technique to smooth range rate and angular biases
than to smooth the combined range bias and survey error for very high alti-
tude orbits,

In the orbit determination problem there is a rough equivalence between
positional and rate measurements. Smoothed range data can be differentia-
ted to obtain range rate. With the orbital constraints, range rate can be
integrated to obtain range. The better of the two measurements in a com-
bined system may carry practically all the weight in the orbital prediction
process.

Figure 5 presents a rough curve of the above equivalence after several
tracking passes. It presents the range rate accuracy required to permit the
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calculation of ephemerides to the accuracy to which they can be computed
from 100 ft range data. The spread in the curve represents uncertainty due
to the srnall amount of data from which it was plotted plus the following
factors:

1. Since the ability to deduce range from range rate tends to be
inversely proportional to range, the low altitude results are
strongly dependent on the maximum tracking elevation angles of
the passes.

2, At high altitudes where the largest component of range rate is
earth rotation, the results are strongly dependent on orbital
inclination. Range rate has no capability in the determination of
the orbit of a synchronous equatorial satellite.

3. The comparison related primarily to measurement biases but the
range bias is augmented by station location errors.

4, The results are somewhat sensitive to the type of data reduction
used,

The comparison would favor range more strongly after only one tracking
pass. The greatly improved knowledge of the velocity vector by a second
pass enhances the value of range rate data. Because of the strong bias
smoothing effect of the maximum likelihood criterion, the results of figures
2, 3, and 4 could not be used in the plotting of figure 5.

A recognized technique for achieving the equivalent of good angular
measurements is through the use of interferometer arrangements. Base
legs can be angle surveyed to the accuracy of the local geodetic reference.
Because of the elimination of common errors, differential quantities can be
measured to at least an order of magnitude greater accuracy than the quan-
tities being differenced,.

The reduction in orbital position errors through the use of differential
range rate data is illustrated in figure 6. The basic tracker was the 0.3 fps
bias, 0.03 fps noise range rate and 1 mr bias, 0.5 mr noise angular tracker
of figure 4. Differential range rates (P and Q) were measured to 0. 001 fps
bias, 0, 00! fps noise with orthogonal 10, 000 ft rate legs. These are ex-
tremely good accuracies. But the same results would be obtained with longer
rate legs and less accurate measurements.

The first pass cross-track error reduction of figure 6b indicates that,
in conjunction with the orbital constraint, the 0. 001 fps differential range
rate measurements are roughly equivalent to 0. 015 mr angular measure-
ments. As shown by figures 6a and 6¢ the resultuit prozisicn i dotermina-
tion of the orientation of the orbital plane permitted an order of magnitude
improvement in the determination of the in-plane orbital elements from the
basic first pass range rate history. As can be seen, the differential range
rate data provided little improvement in the orbital estimate after the orbital
plane orientation had been determined by the second pass range rate history
of the basic tracker. But orbital motion provided a base leg of one revolution
(21,500 nm) for the latter determination.



218

POSITION ERROR, FT

100,000

000 /]
7
/

/— BASIC TRACKER

/ ’
BASIC TRACKER PLUS
V /_ ORTHOGONAL 10,000 FT
/——‘\< RATE LEGS
1,000
//\\
100
- e
FIRST PASS SECOND PASS
10
0 2 4 6 8 10 12 14

TIME, KILOSECONDS

Figure 6, Ephemeris Improvements with 0.00i FPS Dif-
ferential Range Rate for 200 nm Orbit

6ba. One-Sigma In-Track Error




POSITION ERROR, FT

100,000

10,000

[ \
1/ \

\/— BASIC TRACKER

1

1,000

VAR

100

BASIC TRACKER PLUS

ORTHOGONAL 10,000 FT

RAATF LEGS

FIRST PASS SECOND PASS

é 4 € 8 10 12
TIME, KILOSECONDS

Figure 6. Ephemeris Improvement with 0. 001 FPS Dif-
ferential Range Rate for 200 nm Orbit

6b., One-Sigma Cross-Track Error

219




220

POSITION ERROR, FT

100,000
10,000 —-
_— BASIC TRACKER
M| 4 \vl
BASIC TRACKER PLUS
L~ ORTHOCONAL 10,000 FT
Y RATE LEGS
[ rirst pass SECOND PASS | | -
- 1
10 ]
0 2 4 6 8 10 2

TIME, KILOSECONDS

Figure 6. Ephemeris Improvement with 0. 001 FPS Dif-
ferential Range Rate for 200 nm Orbit

bc. One-Sigma Altitude Error




221

It is important to recognize that the results given in figures 2, 3, 4,
and 6 represent the capabilities of maximum likelihood data reduction with
no earth model errors and with truly constant measurement biases. As dis-
cussed later, the same accuracy is obtained by differeniial correction of the
measurement biases and station location errors. But the ability to obtain
the accuracies of figures 2, 3, 4, and 6,particularly the results after two
passes, depends strongly upon there being no sources of orbital error other
than measurement noise, constant biases, and survey errors. Thus, these
results represent a true upper limit to the capabilities of the systems dis-
cussed here, With optimum bias and survey correction, this limit is set by
the random measurement errors. With inverse variance weighting of only
the random errors and no attempt to correct bias and survey errors, the
orbital accuracy after several passes is strongly limited by the bias and sur-
vey errors and is only a weak function of the random errors. In the actual
orbit determination problem, the orbital accuracy obtainable eventually
approaches a limit set by geopotential and atmospheric model errors,

THE EFFECTS OF MEASUREMENT GEOMETRY

The relative value of differential range rate and basic angular meas-~
urements deteriorates with orbital altitude in a manner similar to that
depicted in figure 5 for range rate. The value of range and differential
range as orbit determination parameters is enhanced at higher altitudes. The
prime value of angular and differential quantities is in the first pass deter-
mination of the orientation of the orbital plane and in aiding convergence of
the data reduction program.

Any six independent measurements are sufficient to determine the
vehicle position and velocity at a point (an ephemeris). If position measure-
ments are made at a point in orbit, only three of them can be independent.
Any additional position measurements at this point are redundant and can be
expressed as a function of any three independent position measurements. To
estimate an ephemeris by measurement at a point, three independent rate
measurements are also required, But time separation will usually assure
independence even in repetitions of the same measurement, Thus, ifa |
tracker makes accurate measurements at six points in time of R, A, E, R,
P, Q, P, or Q (rate measurements are insufficient for a circular synchro-
nous equatorial satellite and an azimuth measurement or the equivalent is
required by polar and equatorial trackers) then these six measurements are
sufficient to determine an ephemeris. The ephemeris is obtained as that
which results in an exact fit of the equations of motion to the six independent
measurements. Subsequent measurements are then redundant and allow
smoothing of the measurement errors.

If the orbit is nearly circular, then it becomes difficult for one tracker
to separate a slight eccentricity effect from the inclination dependent rate of
ground track departure from a great circle arc because of earth rotation. If
only range and/or range rate is measured and the tracking time is short,
then the single pass ephemeris estimate is subject to severe loss of preci-
sion. A second tracker greatly improves the situation regardlesgs of what
quantities are measured. The accuracy of the ephemeris estimate improves
as the in-track separation of the two trackers is increased. With the orbital
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constraint, this separation provides an effect analogous to that of base leg
length in interferometer arrangements.

Examination of the shape of the positional error curves of figure 1
indicates that for the two station case, the optimum separation for the deter-
mination of the orientation of the orbital plane (the cross-track error) is 90
earth-central degrees along the crbital plane. A separation of 180 deg is
optimum for the determination of the in-plane parameters. The best period
estimate is obtained by the original station tracking at some multiple of
360 deg later (the higher the multiple, the more accurate the estimate for
stable orbits). The use of the original station eliminates the prime effect of
station location error.

The single pass range rate results for the 200 nm circular orbit showed
a 30 to 1 degradation in in-track and altitude estimates and a 5 to 1 degrada-
tion in the cross-track estimate when the maximum tracking elevation angle
was reduced from 83 deg to 9 deg with a 30 percent reduction in total track-
ing time. There is considerably less degradation if range rather than range
rate is measured or if data from more than one pass is available, The above
results are based on tracking above the radar 5 deg horizon at a data rate of
one set of measurements per 5 sec.

The sensitivity of the ephemeris estimate to data rate and measurement
noise was investigated. The prime effect of an increased data rate is greater
smoothing of the noise. After a single pass the ephemeris accuracy is a
strong function of measurement noise (and data rate). After more than one
pass this dependence egsentially vanishes (in the practical orbit determination
problem) and the accuracy is a function of measurement bias, station loca-
tion error, carth model error, and other sources of systematic error in
either the data or the data reduction program model. After the orientation
of the orbital plane is accurately determined by a second pass, the computer
programs can apparently smooth the data noise much more effectively.

Interstation timing errors are of very little importance until they
result in in-track displacements comparable to the interstation survey errors.
For the low altitude orbits which present the worst case, a 4 millisecond
station time reference error results in only a 100 ft in~track displacement,
Another timing error can arise from the assignment of range and/or range
rate measurement times to the time of ground reception rather than vehicle
transmission of the signal, The speed of light is only 186 mi per millisecond.
The result is an average time reference shift which is not important plus a
variable bias in the data which is proportional to slant range differences and
can be important.

The most serious kind of measurement bias has been found to be the
congtant bias. Variable components of bias are smoothed by the orbital
equations after more Lhan one pass in much the same way as data noise is
smoothed. If the biases fluctuate from pass to pass then their effect aver-
ages out more rapidly than if they remain constant. The truly constant
biases are smoothed only by changes in tracking history from pass to pass
and by interstation averaging. The same is true of survey errors.
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It has been found that if there is only cne tracking station then the
results are relatively insensitive to station location errors. The data gives
no indication of a longitudinal survey error and is only weakly affected by a
moderate error in radial distance of the station from the spin axis of the
earth. Survey errors have an average effect which adds to the slant range
bias plus a variable effect which is relatively less important. It can be
argued that if survey errors are accounted for in a data reduction program
then variable range biases should be ignored because of the poor ability of
the program to differentiate between the two from their effects on the

measurements,

In the multiple station case it has been found that survey errors have
very little effect on range rate and angular measurements., It appears that

survey errors are automatically smoothed in the reduction of range rate data.

But they have an almost additive effect on slant range errors. Because of
this, the most serious component of survey error is usually the interstation
inconsistency rather than the uncertainty in location of the center of the

earth.

DIFFERENTIAL CORRECTION OF SYSTEMATIC ERRORS

The data reduction program must obtain an estimate of the six ephem-
eris components at some point in time, For low altitude orbits it has been
found very beneficial to also obtain an estimate of the average atmospheric
drag. Station bias and survey errors can be treated as additional param-
eters and also be solved for. These estimates are then incorporated into the
program as it re-solves for the six ephemeris components. This process of
error correction by the data reduction programs has been called differential

correction.

A problem in differential correction is the resultant increase in
dimensionality of the error matrices with its attendant reduction in comput-
ing speed and increase in numerical accuracy problems. Maximum likeli-
hood data reduction accomplishes the equivalent of differential correction by
allowing the estimated orbit to adjust in a simple way to the systematic
errors. A danger in either approach is that the error sources will be incor-

rectly identified,

The bias errors are identified as the average inconsistencies between
the final computed orbit and the measurement sets. The station location
errors are identified by their fixed directional characteristic. The resultant
error evidences itself by a change in pattern between passes which brackets
the tracking station. Range rate bias is indicated by the failure of the range
rate null to occur at the minimum range point.

The sophisticated tracking data reduction programs presently available
use the weighted least squares criterion for ephemeris fits, Without differ-
ential correction, this can result in ephemeris estimates which deteriorate
when two stations which are close together track simultaneously. If there
are range biases ol opposite sign, for example, the combined least squares
estimate can result in a large angular error in the assigned vehicle position.
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The data presented earlier assumed maximum likelihcod data reduction
and no earth model errors. Similar results are obtained by the weighted
least squares criterion with differential correction of the systematic errors
provided convergence is satisfactory, The parameters to be included in the
likelihood estimator or to be differentially corrected are the important
sources of ephemeris error. There is very little ability to correct minor
sources of error. Even the major sources of error cannot successfully be
corrected until sufficient datais available to allow a reduction in ephemeris
uncertainty to a level below the upper limit of the error in the quantity to be
corrected. Differential correction cannot reduce measurement biases to a
level below that of the systematic effect of the smoothed random errors.

In the determination of high altitude orbits from angular tracking data
the quantities to be corrected are clearly the angular measurement biases.
For the low altitude orbits it is difficult to assess the relative importances
of earth model errors, drag uncertainty, measurement biases, and survey
errors,

EARTH MODEL ERRORS

The prime component of the force field of near earth satellites is the
inverse radius squared gravitational attraction toward the center of the
earth, This effect is represented in the program model by values of earth
mass and equatorial radius, The programs solve for satellite altitude above
the surface of the earth, An error in the numerical value of earth mass
and/or radius results in the following period error:

P Ap Are
AP:T -}J. +3re_+F .

For a mass error of one part in 10° or a radius error of roughly 100 ft
and a 2000 nm orbit, this results in a period error of 0. 05 sec. Since aver-
age orbital periods have been measured by the Smithsonian system to at
least an order of magnitude greater accuracy than this, we are forced to
conclude that any residual errors in the present value of mass are largely
balanced by compensating errors in earth radius.

In general, computer program model errors lead to orbital errors
which are smaller than the positional differences which result from propa-
gating in ephemeric with and without the source of model error. There are
two reasons for this:

1. The data reflects the existence of the actual earth parameters
and thus leads to a computed orbit which averages out part of the
error,

2. Many of the model effects are oscillatory and a large part of the

resultant error averages to zero over many sets of tracking data.
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An earth mass or radius error can be compensated by assigning a corres-
ponding altitude error to the vehicle. It has been found that in the reduction
of range rate and angular data the programs readily convert earth mass and
station altitude errors to vehicle altitude errors, thus maintaining the meas-
ured tracking rates and orbital periods. If the orbital estimate is based on
slant range tracking histories, then this can no longer to done. Hence, slant
range trackers have a greater ability to differentially correct model errors
than other systems. But orbital estimates from range data without the cor-
rect computer program earth model parameters are poorer than estimates
from other measurements of comparable accuracy.

The actual mass distribution of the earth can be expanded in an infinite
series of spherical harmonics. If it were a rotating fluid mass of variable
density, then there would be no longitudinal harmonics and the geopotential
expansion would be

j2.5) n
u=£11 -z :Jn(?) P_(sin ¢)
n=2
where
@ = gravitational constant times earth's mass
r = earth central radius to point
J,, = mass coefficient of nt? harmonic
a = mean equatorial radius of earth
P, = n? zonal harmonic (Legendre polynomial)

¢ = geocentric latitude to point .

This function is differentiated to obtain the components of gravitational force
at the point of interest (the satellite location).

B/ far the largest harmonic is oblateness (J,). It has the effect of
precessing the orbital plane and the major axis, %y measuring the resultant
long term precession rates, J2 has been determined to an accuracy which is
undoubtedly much greater than the individual accuracies of the mass and
radius. The negative sign in the above equation is a result of the desire to
have a positive value for J;.

Associated with J» is the shape oblateness (¢). Its computation from
J2 requires the assumption of an internal density distribution for the earth.
An error in € would appear as an altitude survey error which would increase
with distance of the station from the equator and would thus be primarily
deterimental to slant range data from far northern (or southern) stations.
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The remaining zonal harmonics are roughly three orders of magnitude
smaller than J and their effects attenuate rapidly with orbital altitude.
They have been isolated by their long term effects on low altitude, low in-
clination orbits,

Because of the irregular patterns of the continents and measured gravi-
tational anomalies we would expect to also find evidence of longitudinal
(tesseral) harmonics in the reduction of satellite tracking data. The geopo-
tential expansion for these is

n
U= 1:'_‘ :Jmn(%> P;n (sin ¢) cos m(\ - Amn)
n=2 ms=

where J,, is the mass coefficient, Pﬁn is the associated Legendre poly-
nomial, and \ is longitude, These harmonics should have a maximum
effect on low altitude polar orbits. One effect is an oscillatory orbital per-
iod. It has been found necessary to include J35 in the data reduction pro-
grams to obtain good fits to low altitude polar orbits. It has also been found
that the best orbital prediction capability is obtained by fitting to tracking
data taken over one-half day or one full day's time, thus obtaining optimum
smoothing of the even tesseral harmonics. This also provides optimum
smoothing of station location errors.

The orbit determination programs are forced to represent the effects
of the full infinite series of geopotential harmonics by a few lower order
terms. Because of the smoothing effect of the orbital constraint on local
perturbations, this representation can be very good. But the results tend to
be highly dependent on the inclination of the orbits used to compute the har-
monics. At the present time, a set of harmonics has not been derived which
will provide good fits to orbits of all inclinations. If properly interpreted,
slant range data to low altitude nearly polar orbits should produce more
valuable information on the longitudinal harmonics than any other data (pro-
vided drag is not a serioue source of error).

The geopotential harmonic and station location errors can he handled
by reducing enough different sets of data to arrive at good values for these
parameters or by measuring range rate rather than slant range and thus
obtaining a larger degree of smoothing of these effects, Slant range data can
be converted to smoothed range rate data through the technique of one-pass
fits.

In the low altitude region, drag is a major cause of ephemeris error.
The atmospheric density is dependent on solar activity. Thus the 1959 ARDC
standard atmosphere, which was derived from the behavior of satellites
launched in 1958 (a year of high solar activity), indicated a mean density
above 200 nm which is several times higher than that measured in 1962 (the
year of the quiet sun). The density is higher on the daylight side of the earth.




227

In addition, solar radiation pressure shifts the center of the orbit away from
the center of the earth toward the dark side. The radiation pressure is
equal to drag at an altitude of roughly 500 nm,

The solution to the drag problem appears to be to use a sophisticated
drag model with solar activity as an input and to have the data reduction pro-
gram make early and repeated estimates of mean drag. Results with low
altitude polar orbits suggest that the programs can estimate mean drag {the
ballistic coefficient) accurately enough that, even with the ARDC 1959 atmos-
phere, the drag error may no longer be an important source of ephemeris
error. With a more accurate set of geopotential harmonics and with good
station locations this may cease to be true., At any rate, the change in drag
as apogee altitude drops and as perigee shifts relative to the subsolar point
should be correctly accounted for.

At lower altitudes the gravitational effects of external bodies can often
be neglected. At higher altitudes drag and geopotential harmonics other than
oblateness can often be neglected. Highly eccentric orbits with perigee in
the drag region present an interesting case in which perturbations of perigee
altitude by the sun and moon have a very great effect on orbital lifetime. For
nearly circular orbits, the prime effect of the extemal bodies is to precess
the orbital plane. If they are omitted then this precession will eventually
exceed the limits of the ability of the computer program to improve its
orbital estimate. As more data becomes available the ephemeris accuracy
will initially improve, then level off, and eventually begin deteriorating. In
the presence of any model error which has a cumulative effect, there is a
maximum number of revolutions over which the computer program should
obtain its fit, Beyond this point, earlier data must be dropped to maintain
the accuracy of the estimate. This maximum number of revolutions is a
measure of the accuracy of the computer program earth model. There ig
also a long time limitation due to computer numerical accuracy.

CONCLUSIONS

It has been found that the basic changes in orbital uncertainty beyond a
tracking station are a function of the equations of motion rather than meas-
urement type or accuracy. The phase relationships and the ratio of position
to velocity error in each coordinate are dictated by the geometry and by the
requirement that the position errors be the integral of the velocity errors
rather than by whether the tracking system measured range or range rate.
Only the scale magnitudes of the orbital errors are determined by measure-
ment type and accuracy. The ideal minimum values of these numerical
orbital errors for various systems whose only sources of error were station
location uncertainty plus Gaussian noise and constant biases in each meas-
urement are presented as bar charts of maximum positional errors after one
and two tracking passes.

The results of the study indicate that for low altitude orbits after only
one set of tracking data, system angular accuracy is of overriding important
in ephemeris prediction, After the orbital plane is accurately determined by
a second tracking pass using the same or a second station, angular data
loses its value and good range rate becomes the most important measurement
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for ephemeris prediction. At higher altitudes where range rate changes
slowly, good slant range data becomes the most valuable,

After only one pass, ephemeris accuracy is strongly dependent on data
rate and measurement noise. After more thanh one pass this dependence
essentially vanishes and accuracy is limited by measurement bias and other
systematic sources of error. In the multiple pass case, angular data should
be de-emphasized or it will hurt the ephemeris estimates. But it should not
be discarded because it improves program convergence.

In the low altitude case, the programs should make their own drag
estimates after several revolutions, These should be repeated periodically.
Station locations should also be determined by tracking data reduction. After
this is done, errors in the geopotential harmonics may become the greatest
remaining source of multiple pass prediction error. For high inclination
orbits, the longitudinal harmonica have a significant effect. This effect and
that of station location errors can be minimized by performing fits to data
spans which are multiples of 24 hours.

In the presence of earth model errors the ephemeris estimate tnay
deteriorate as the data span is increased. In addition, if tracking is con-
centrated along a small part of the orbit, the model errors will tend to con-
vert to an eccentricity error rather than a period error. Hence, the data
from one isolated station far from the others will cause an apparent deteri-
oration of the fit,

Because the multiple pass estimate is only weakly affected by data
noise and variable biases, the data sets can be truncated symmetrically
about the minimum range points to increase the speed of the programs. Ina
simulation of a 5000 nm orbit, tracking above the 20 deg radar horizon pro-
duced the same ephemeris accuracy in three revolutions as tracking above
the 5 deg radar horizon. In addition, actual data accuracy decreases at
lower elevation angles and the errors tend to be symmetrical to either side
of the maximum elevation angle point,
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EVOLUTION OF THE HYPERFLO PARACHUTE
L., W, Sims

Cook Electric Company
Tech-Center Division
Acrospace Technology Section
Morton Grove, lllinois

ABSTRACT

Analytical and experimental studies of the characteristics
of supersonic parachutes and associated phenomena, which

resulted in the development of the Hyperflo parachute, are
described,

Data from wind tunnel test programs which were conducted
with six and eight inch parachute models are discussed.
These programs covered the Mach number range from 1.5

to 4,65 and included approximately 200 test conditions. The
present paper describes the evolution of parachute canopies
which performed satisfactorily through Mach 4.65 and, in a
succeeding series of wind tunnel tests, through Mach 6.
Results of a rocket sled test program and a free-flight pro-
gram to test full-scale Hyperflo parachutes up to Mach
numbers of 4,0 and altitudes of 130, 000 feet are summarized.

The work described in this paper was performed under Air
Force Contract No, AF 33(616)-8459 sponsored by the
Retardation and Recovery Branch, Flight Accessories
Laboratory, Aeronautical Systems Division, Air Force
Systems Command.,
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EVOLUTION OF THE HYPERFLO PARACHUTE

L. W, Sims
Cook Electric Company
Tech-Center Division
Aerospace Technology Section
Morton Grove, Illinois

INTRODUCTION

While performing studies of the supersonic operation of parachutes and
their associated flow phenomena, under contract with the Retardation and
Recovery Branch, Flight Accessories Laboratory, Aeronautical Systems
Division, AFSC, USAF, the Hyperflo family of high speed parachutes
evolved. At the initiation of this program on June 30, 1961, satisfactory
operation of conventional parachutes was limited to an upper Mach number
of approximately 2. Numerous applied research programs had been con-
ducted prior to this time aimed at evaluating conventional parachutes at
transonic and supersonic speeds. These programs involved the use of high
speed sleds, wind tunnels, and free-flight vehicles and resulted in the gen-
eration of much data, Typical data for such programs consisted of force
measurements, high speed photographs of parachute deployments and opera-
tion, and high speed Schlieren films. As a result of the analysis of such
data, the basic problems associated with the operation of conventional para-
chutes at supersonic speeds were indicated, Numerous conventional para-
chute configurations were employed in these tests, with ribbon-type con-
structions predominating. In the following sections of this paper, the basic
problems associated with the application of conventional parachutes at super-
sonic speeds are discussed. Indications of design trends necessary to im-
prove supersonic canopy performance, as deduced from previous test data
of modified configurations, are discussed. In subsequent sections, the ana-
lytical procedures and test programs from which the Hyperflo canopies
evolved are described.

Three wind tunnel test programs (designated Phases I, Ia, and II) rep-
resenting a total of nearly 200 test conditions were completed in this study,
covering a Mach number range of 1.5 to 4.65,
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BASIC PROBLEMS ASSOCIATED WITH SUPERSONIC OPERATION
OF CONVENTIONAL PARACHUTE CONFIGURATIONS

In earlier test programs, conventional parachutes had been found to
perform poorly at supersonic speeds, particularly above Mach 2. In the
following paragraphs, the characteristics of conventional parachutes when
operating in the supersonic range will he described.

A. Inflation Characteristics

Analysis of Schlieren movies of conventional parachute configurations
has revealed a typical behavior in the supersonic range above Mach 1.8 -
2.0. This behavior is characterized by a rather violent "'breathing' tend-
ency or alternate inflation and deflation cycle, which occurs at very high
frequencies (of the order of 5 to 100 cycles per second). This phenomenon
is illustrated in Fig. 1 for a 4,0 foot diameter flat circular ribbon parachute
with a 19 percent porosity. This film sequence (alternate frames of movies
taken at 128 fps), was taken during wind tunnel tests of this configuration at
a Mach number of 3.5 during the conduct of a series of teats in the NASA
Lewis 10 ft by 10 ft wind tunnel by the Cook Research Laboratories., During
this program, both ribbon and guide surface type parachutes were tested in
the Mach number range from 2,0 to 3,5, A wide number of variations of
both types of parachutes were employed. For example, the porosity of the
ribbon-type parachutes was varied from 5 to 30 percent. Porosity distribu-
tions were also considered in that low skirt porosity with large vent porosity,
as well as low vent porosity and high skirt porosities, were employed in the
various configurations. In addition, the tests were conducted both with and
without a forebody. In all instances, parachute behavior was typified by high
frequency breathing.

In addition to the ribbon parachutes, various types of guide surface rib-
less canopies were also tested. The extremes in breathing were not as pro-
nounced as for the ribbon canopies. However, over-inflation of the roof and
indentation of the guide surfaces resulted in nearly immediate failure of the
canopy at the intersection of the roof and guide surface panels. In Fig. I,

a 3.25 ft diameter guide surface ribless parachute with 20 percent slots is
shown at Mach 3. 5.

In order to evaluate whether these phenomena were associated with the
flexible materials of which these configurations were constructed or with an
unstable flow field ahead of the canopy, a further test program was con-
ducted employing rigid canopies constructed of steel and simulating the in-
flated shapes of typical ribbon canopies. These tests were conducted with
and without simulated lines and with various numbers and lengths of lines.,
Based upon the results of these tests, the existence of unsteady flow condi-
tions and Mach number effects was confirmed. A discussion of these and
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FLAT CIRCULAR RIBEON GUIDE SURFACE RIBLESS

Fig. 1. Characteristics of Two Parachutes at M = 3.5




the preceding fabric model tests, along with an analysis of the various asso-
ciated flow regimes, is given in Ref, 1, As a result of this analysis, it
appeared that the nature of the flow regime and shock wave structure ahead
of the canopy was significantly dependent upon the forebody wake character -
istics, and that parachute configurations were greatly affected by the inter-
action of the canopy shock wave with velocity gradients existing in the wake
of the forebody. Several typical flow types which are associated with this
interaction are demonstrated in Ref. 1,

In later tests, a canopy configuration which was studied in the Cook
Electric Company's Tech-Center Division wind tunnel facility demonstrated
that certain configurational characteristics may have a strong effect in
suppressing the unfavorable interaction effects which appear to be associated
with a conventional parachute configuration immersed in a nonuniform flow
field provided by an upstream forebody. The canopy of this configuration
consisted of a 15° (half angle) conical frustrum fabricated of a nonporous
material with a center vent which provided an exit-to-inlet area ratio of
0.29. A variation of this configuration employing a 45° conical frustrum
was also tested. Very high drag coefficients (0,46 and 0,96, respectively)
based upon cloth area were realized with these models at M 3 2, Extremely
good inflation characteristics were also evident from Schlieren films
(Fig. 2), and very little canopy breathing was evident. However, both of
these canopies exhibited an instability about the point of suspension by os-
cillation angles up to nearly 20°, In spite of such high angular excursions,
the canopies remained well-inflated although subjected to severe disturbances
associated with these high angular displacements. The instability of these
configurations was attributed to the ring-airfoil-type lift inherent in this
canopy shape. A stabilizing surface extending forward of the maximum
diameter had been added to the 45° conical canopy, However, the high in-
flation tendencies of this canopy resulted in material atretch of this surface
to such an extent that it was ineffective in contributing stabilization. It was
this basic configuration, along with the indicated necessary modifications,
which served to establish some of the configurational details of the models
which were selected for the first testing series of the subject program,

B. Stability Characteristics

Analysis of the data from early tests indicated that the stability of a
parachute canopy about the point of suspension varies directly with porosity.
Tests in the present program indicated this trend also. However, it is
apparent that geometric details of the canopy have a significant effect also.
An illustration of this, of course, is the guide surface canopy which is con-
structed generally of a low porosity material, yet in the subsonic and tran-
sonic ranges of Mach numbers exhibits extreme stability. The contribution
of the forward guide surface is essential to the attainment of this stability,
The flat roof of this configuration contributes negative lift when sufficient
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porosity allows flow through the canopy. The forward guide surfaces, which
are inflated internally with near-stagnation pressures, serve as a stabilizing
cone-frustrum and contribute the necessary compensating positive lift for
stability. The basic guide surface configuration, along with modifications,
served also to provide some of the canopy shapes investigated in the first
testing series of this program.

C. Shock Wave-Boundary Layer Interaction

Analysis of Schlieren photographs of conventional parachute configura-
tions at supersonic speeds indicated significant shock wave-boundary layer
interactions. It appeared from observation of parachute test data that for
those configurations which exhibited low or marginal inflation characteris-
tics, the interaction of the canopy shock wave and the suspension line bound-
ary layer had a significant effect on the inflation stability of the canopy, and
was somewhat associated with cyclic canopy collapse. In other instances
(Fig. 2), it appeared that this phenomenon did not have a significant effect
on the parachute performance., This latter example, of course, applied to a
canopy with strong inflation properties as previously described.

This phenomenon has been most evident in those instances in which the
suspension lines become normal or near normal to the canopy shock wave.
This condition is readily attained in the case of a canopy which is unstable
about the point of suspension, allowing excursion angles of the canopy such
that the lines approach normalcy to the shock wave as illustrated in Fig. 2.
This is possible since examination of Schlieren films appears to indicate
that the shock wave associated with an unstable parachute translates normal
to the wake axis an amount which is limited approximately to the width of the
forebody wake, and very small rotation of the shock pattern about its vertex
is evident. For those canopy types which sustain a strong shock, small os-
cillation angles are needed to attain a near normal angle between the sus-
pension lines and the shock wave.

HYPERFLO DEVELOPMENT

A. Indications of Desirable Canopy Geometry Based upon Early Tests

Reference was made to a conical canopy configuration illustrated in
Fig. 2 which had exhibited strong inflation tendencies as well as inflation
stability at Mach 2. In the design of this canopy, three features differed
extremely from conventional configurations previously applied in the super-
sonic speed range. These were: (1) a much lower exit-to-inlet area ratio
had been used, (2) a nonporous material was used in the vicinity of the inlet
or skirt region of the canopy, and (3) a much lower total porosity resulted,
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The total porosity of a parachute is defined as the open area divided by
the total cloth area. The open area consists of the space between ribbons,
as in a ribbon canopy construction, and/or open spaces in a woven fabric
which allows the passage of air. In the case of the canopy described above,
which, except for the open vent, is constructed of nonporous material, the
over -all porosity was considered as the area of the vent divided by the total
area (which includes the vent)., This definition will be at variance to some
degree with porosity which is expressed as a function of permeability., The
latter property of cloth is determined by measurement of the rate of flow of
air under specified conditions through a fabric. Small spaces between fibers
of a cloth material will define somewhat different flow conditions than flow
through a large vent. However, in all calculations performed in this pro-
gram to determine the open area, a strictly geometric interpretation has
been made. This ""open'' area is used hetein to determine both total porosity
and "exit" area.

Accordingly, the exit-to-inlet area ratio of the conical canopy discussed
above is 0.29, and the total geometric porosity is 9.5 percent. In contrast
to this, a conventional ribbon parachute is constructed using a geometric
porosity of 15 to 28 percent. If the canopy were constructed in a hemispher-
ical shape, the exit-to-inlet area ratio would be 0,30 to 0,56 assuming full
inflation. In ribbon configurations, the porosity at the skirt is normally
greater than that near the vent, Strong inflation characteristics in the skirt
or inlet regions appear to be essential to provide an outward force at least
equal to the inward components of the suspension line loads.

As discussed previously, the stability of a given parachute configuration
about the point of suspension appears to vary directly with porosity, In the
case of the guide surface configuration, however, the total porosity is low
and the stability is notably high. The stabilizing effect of the forward guide
surface is apparent although the conventional angle (45°) of this surface
appeared to be too great for supersonic applications.

The use of low over-all porosity, coupled with stabilizing surfaces ap-
peared essential. Requirements to establish the effects of (1) poroseity dis-
tributions in producing good inflation, (2) stabilizing surface angles and
length for proper inflation and stability, and (3) the over-all geometric shape
of the canopy for optimum drag-to-weight ratio appeared to prescribe the
direction of effort in the Phase I parachute test program.

B. Effects of Forebody Wake on Supersonic Parachute Operation

The importance of the effects of the wake of a forebody on a trailing
parachute configuration have been recognized. In Ref. 1, calculations were
performed to determine the effects of the nonuniform flow field produced by
the wake on a shock wave ahead of a blunt trailing decelerator. Significant
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shock diffraction was verified by employing empirical wake theory for the
determination of the wake flow ahead of the canopy and shock wave. Diffrac-
tion of the typical near-normal shock wave, which would exist under free-
stream conditions ahead of a blunt body such as an inflated parachute, into a
conical type shock was indicated by these calculations, and has been con-
firmed by numerous Schlieren photographs of parachutes operating super-
sonically in a forebody wake. Furthermore, the dependence upon the wake
of a forebody for satisfactory parachute operation at supersonic speeds has
also been indicated by past tests and applications.

A Phase Ia model configuration under test will be used as an illustration
to estdblish the flow field ahead of a canopy and associated shock wave. To
predict the flow field in the wake, an empirical wake theory was used. Drag
predictions provided by this procedure on trailing decelerators have been in
good agreement with test data. Total temperature is assumed constant, and
static pressure is assumed equal to free-stream pressure in the wake after
the wake throat.

The velocity, V,

3 2
w * Volt - % @ 1)

y = the distance from the wake centerline

, across the wake as given in Ref. 2 is:

<
i

b = the wake half width

Vo = the free-stream velocity
A
W1 . .
T the wake centerline velocity decrement ratio
® which is determined by the expression
C
V., /Vgp =
w10 T (xfd - x/@)? 3 4 ¢
where
x = distance aft of forebody base
d = forebody base diameter
x, = wake throat location

C = consgtant based on test data.
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Figure 3 is a trace from a Schlieren photograph of a Phase la configu-
ration which was located at an x/d = 10 at a test Mach number of 2, 13.
Various wake Mach numbers as predicted by the procedure discussed above
are indicated in the wake ahead of the shock wave. Flow deviations through
the shock for these Mach numbers and local shock wave angles are indicated.
A wake width equal to the forebody diameter is assumed, It may be seen
from Fig. 3 that a subsonic outflow resulting from the deflection through the
shock has a favorable effect in maintaining the canopy fully inflated. Canopy
inlet-cone half angles of nearly 25 degrees will provide a positive "'angle of
attack' of the canopy inlet to the local flow direction., It is apparent from
Fig. 3 that the flow deviation angle based upon the free-stream Mach number
is sufficient to spread the wake to near the skirt of the canopy. This is fur-
ther indicated to be required since the pressure ratio across the normal
portion of the shock on the centerline (for the wake centerline Mach number)
is greater than the pressure ratio across the oblique shock at the free-stream
Mach number. Divergence of the wake flow is further encouraged by the high
(near -stagnation) pressures existing in the canopy.

C. Experimental Program

Three wind tunnel test phases were completed in this program, The
first program was conducted in the AEDC Tunnel A, VKF, Tullahoma, Ten-
nessee, followed by an interim program in the Tech-Center Division wind
tunnel, and the third phase was accomplished in the NASA Langley Research
Center, LST, Langley Field, Virginia, Tests were conducted over a Mach
number range of 1.5 to 4.65 in the over-all experimental test program.

1. Phase Il Parachute Test Program

Parachute models were deployed in the wake of a2 biconic forebody
which was strut-mounted to the tunnel side wall., All canopies were tested
with riser lengths locating the inlet of the canopy approximately 10 forebody
base diameters aft of the forebody base., Drag measurements, high speed
direct photography at 500 frames per second, and Schlieren movies at 1000
frames per second provided data for analysis of the test model performances.

a. Test Model Descriptions

In the first series of parachute tests, a study was conducted
involving five modified guide surface ribless canopies, five biconic canopies,
a Hemisflo cancopy, and a flat circular ribbon canopy with the capability of
remote variation of reefing area ratio. Variations in the basic gore designs
of the guide surface types were accomplished in order to provide different
inlet-to-maximum projected diameter ratios as well as inlet guide surface
angles. Canopy inlet angles were selected so as to be consistent with shock
wave-wake analyses. Specifications for the various configurations tested in
this program are shown in Table 1.
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b. Results of Phase I Tests

Analysis of the force data recorded on Visicorder tape, as well
as motion pictures, resulted in the observation of both favorable and unfavor-
able performance characteristics of the tested configurations, Since the di-
rect movies (at 500 frames per second) and the Schlieren movies (at 1000
frames per second) made possible the analysis of various phenomena at short
frame-time intervals, canopy inflation, steadiness of shock wave, shock
wave geometry and canopy stability characteristics were in general readily
discernible. In the accomplishment of this test program, indications of
favorable canopy geometry were noted. In one instance (modified guide
surface type D) an over-all indication of good performance prevailed, al-
though the drag was low compared to Types A and B.

Favorable characteristics were observed for several canopies,
although in most cases other than Types A, B, and D, over-all canopy be-
havior was not outstanding. However, in several configurations there were
indications of good inlet region inflation, roof inflation and/or stability,
Qutstanding among these was the Type G conical canopy. The inlet angle
for this configuration was the same as the Type D guide surface model, and
appeared to be very well inflated during the test when near zerov .ngle of
attack, The Type F conical appeared bhest of all conical types from the
standpoint of stability, although the canopy was generally underinflated. The
biconic parachutes {(except for Type F) indicated large degrees of instability
about the point of suspension. The reefed flat circular ribbon canopy exhib-
ited very good stability and good roof inflation, particularly when reefed to
28 percent at a Mach number of 2,99,

In Table 2 are listed the essential parachute components and
associated geometry which indicated good component or over-all perform-
ance in the Phase I tests. The configurations with which these components
or geometric properties were associated also are tabulated.

It may be noted that the number of appearances which the var-
ious configuration types make in this tabulation directly indicate the number
of favorable performance characteristics associated with a particular model
configuration. Configurations A and D appear most often in the tabulation.

These results, coupled with considerations to improve drag
area efficiency, were utilized in the design of configurations for the Phase
Ia tests.

2. Phase la Parachute Test Program

The objective of this program was to improve the most premising
Phase I configurations. Since several configurations indicated favorable
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Table 2. Demonstration of Favorable Component Performance

Phase I Test Models

Favorable Associated
Component Test Model
Performance Configuration
Inlet Inflation A, C, D E, G
Roof Inflation A, D, RR*
Drag A
Stability about point A, C, D, E, F, RR*, Hem. **
of Suspension
‘s % Hosk
Stability about C.G, C, D, E, F, RR', Hem.

*Reefed circular flat ribbon
**Hemisflo
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inlet inflation characteristics, these geometries were retained in future
model designs, leaving the canopy roof study as ah important investigation
in this program. The nonporous biconical configurations, having indicated
under -inflation characteristics particularly in the roof regions, were modi-
fied in such a way as to decrease the exit-to-inlet area ratio. Since the
Type F conical canopy indicated good stability and also represented the
conical type with the smallest total surface area, it was considered for
further study in this interim test program.

The tesis in the Phase I program involving the modified guide sur-
face type canopies indicated excellent stability with reference to the point of
suspension and except for Type A, excellent stability with reference to their
center of gravity. Inflation characteristics were fair to good for some con-
figurations (Typcs A, C, and D) and, as previcusly mentioned, were best
for the Type D. In most of the tests of these configurations some oscillation
of the guide surface panels was noted. The tendency to rotate, resulting in
suspension line wrap-up, was also indicated in those tests in which a swivel
was not used. It is apparent that malalignments of the guide surface panels
due to fabrication tolerances would tend to cause rotation. Tests confirmed
this, particularly when the guide surface panels were well-inflated (e.g.,
Type D). It was not apparent from the tests that the typical guide surface
construction contributed significantly to the favorable performance of the
guide surface models. Accordingly, part of the study in the interim pro-
gram was aimed at evaluating the contribution of the guide surface construc-
tion, This was accomplished by designing cone frustrum models with simi-

lar over-all geometry., Simultaneously, a study of canopy roof geometry was
conducted.

The instability about the center of gravity which was characteristic
of Type A was attributed to excess negative lift contributed by the flat roof.
This configuration indicated excellent drag, exhibited good inflation, and was
constructed with the smallest cloth area of the guide surface types (all having
the same frontal area). Hence, it was considered particularly worthy of
further study. Modifications to improve the stability characteristics of this
model were considered.

In this program, 14 model configurations were tested at approxi-
mately M = 2 while deployed behind a cone cylinder forebody. Canopies
were located at 10 forebody diameters aft of the forebody base, as in the
Phase I program. Model diameters of 6 inches provided a ratio of parachute
diameter to forebody base diameter of approximately 2.2. Schlieren photog-
raphy provided the only data, since inflation and stability characteristics of
the model canopies and the shock wave structure were of primary concern,

Reduction of the roof area of the Type A canopy near its periphery
by means of an annular vent was considered to be the most effective and

o
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simplest means of reducing the upsetting moment coniributed by the flatroof.
Accordingly, several models were so constructed and tested. Structural
problems appeared in the tests of such models since the introduction of the
annular vent resulted in a roof construction which had an isolated low poros-
ity center disc. This disc was first secured by extending the suspension
lines over the roof to the center of the disc. High speed photography re-
vealed considerable relative motion between the disc and main canopy, pro-
ducing asymmetries in the vent that induced canopy instability. This ap-
peared to indicate the need for a high porosity mesh material to be used in
the vent area. Numerous types of mesh were used with success. The mesh
proved to be a satisfactory structural tie to provide the desired vent open-
ing, and maintain a fixed exit geometry. Various vent sizes were used, in-
cluding a model of which the entire roof was high porosity mesh., High sta-
bility, stable shock wave geometry, and strong inflation characterized
models at Mach 2. The conical inlet regions of the most satisfactory con-
figurations were constructed of a solid, low porosity nylon cloth.

Models which were constructed of nonporous materials with a
center vent in general encountered structural problems, which resulted in
early failure, However, those models which were so constructed (modifica-
tions of Type F) with total porosities comparable to the best porous models
performed satisfactorily prior to failure.

Studies carried out in this test series to evaluate the contribution
of the guide surface panel construction appeared to indicate that this parti-
cular construction does not contrihute significantly to supersonic canopy
performance. Since this type of construction is more complex and results
in a higher ratio of total cloth area to frontal area (for a given frontal area)
than that of a conical shape, attention was concentrated on the latter geom-
etry. The inlet guide surface, however, appeared to provide the necessary
stability to allow the use of very low total porosities, which contributed to
the high inflation characteristics of the most satisfactory configurations.
The cone-frustrum-shaped canopies which had low porosity inlet cones, low
cone inlet angles and high porosity roof constructions demonstrated superior
performance characteristics. The basic canopy designs which were evalu-
ated in the final test series of the program were essentially established in
the Phase la test series. Detail design parameters which were highly opti-
mized in the Phase la program and used in the final wind tunnel test phase
cannot be given because of security classification.

3. The Phase Il Parachute Test Program
a. General

To further evaluate the effects of the forebody wake on parachute
performance, parachute inflated diameters of both 6 and 8 inches were tested
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for some configurations. These two model sizes provided ratios of para-
chute diameter to forebody diameter of 2.5 and 3. 33, respectively. Figure
4 is a photograph of some of the Phase Il test models,

Models were deployed in the wake of a cone-cylinder forebody
mounted to the NASA Langley Research Center Large Supersonic Tunnel side
walls.

In addition to the study of the effect of the ratio of parachute
diameter to forebody diameter, the effects of canopy location aft of the fore-
body base were examined, This was accomplished during tunnel operation
by the use of an externally controlled motor driven winch located in the fore-
body. This mechanism, as well as the forebody and mount, was part of the
NASA tunnel facility equipment and contributed greatly to the large amount
of data gathered in this final test phase.

b. The Test Program

In all, ten parachute configurations were studied in this pro-
gram and approximately 140 test conditions (configuration, Mach number,
dynamic pressure and canopy position aft of the forebody) were attained.
Both force measurementa and Schlieren photography (1000 frames per
second) provided data at each condition.

In addition to the configurations which were developed through
Phase I and Ia test programs, a conventional Hemisflo canopy was tested.
This was the same model used in the Phase I test program, and was re-run
in part to confirm the data derived for this model in the Phase I tests and to
extend the data for this configuration for comparative purposes.

In general, models were deployed at that Mach number which
corresponded to the upper Mach number limit of a given wind tunnel mode,
with Mach number successively reduced with the model deployed. Models
were deployed at Mach numbers as high as 4.0. In all but two instances,
tunnel mode changes (accompanied by the tunnel shock excursion through the
test section) were carried out with the test model deployed. The survival of
test models through the tunnel mode changes as well as through long periods
of sustained exposure to tunnel conditions during data acquisition contributed
significantly to the amount of data obtained in this test program. Several
test models survived, without damage, several h~urs of tunnel testing. In
particular, one test model survived four hours ot continuous exposure to
Mach numbers above M = 2.3. This in itself attests to the excellent behavior
of the canopies, since most conventional parachutes in this range of Mach
numbers would do well to survive several minutes of operation without exten-
sive damage resulting from the dynamic loadings associated with the typical
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inflation instabilities characteristic of such canopies at Mach numbers in
excess of 2,

The completed program on the Phase II tests is shown in Table
3. It may be noted from this table that three configurations were subjected
to tests over the Mach number range from 2.3 through 4.0 and two of these
three were tested to the upper tunnel Mach number limit of 4. 65. Most
other models were tested over the range cf M = 2.3 to M = 3. 75, since
available tunnel time did not permit the accomplishment of the highest Mach
number conditions for all models.

¢, Test Results
(1) Parachute Drag

Drag coefficients for several configurations and canopy
positions are shown in Fig. 5. These are based on the model design frontal
area, which in general was greater than the constructed frontal area. It may
be noted that the drag for most configurations reaches a peak at M = 3, 75,
drops rapidly after this Mach number and levels off above M = 4, 0. A sim-
ilarity to these data may be noted in Fig. 6 for the case of a solid cone with
a 45° half angle tested in the wake of a forebody. Figure 6 is based on data
from Refs. 3 and 4.

Either a Reynolds number effect or a dynamic pressure
effect may be suspected in the parachute case. The latter is evidenced by
Fig. 7 in which the drag coefficients of two Phase II configurations are
plotted vs. Mach number, and on which is superimposed the tunnel test
dynamic pressure vs. Mach number, It may be noted that the maximum
drag coefficients correspond to the minimum dynamic pressure condition at
M = 3,75, The inflated diameters of these models, however, as measured
from Schlieren photographs, do not appear to vary significantly at M = 3,75
from those measured at other Mach numbers. For example, the average
inflated-to-constructed diameter ratio for configuration VI at M = 3,75 is
0. 89 and the value of this ratio at M = 4.0 is 0. 90, A significant reduction
in drag coefficient would normally be expected to be associated with a re-
duction in inflated area. The effect of Reynolds number on supersonic para-
chute performance has not generally been found to be significant in previous
parachute test programs. Further, the tests involving the solid cone
referred to above were all conducted with Reynolds numbers per foot in
excess of 2 x 107,

In considering the drag effectiveness of the tested model
canopies, reference may be made to Fig. 3. Flow deviation through the
canopy shock was shown to result in the spreading of the wake after the shock
into a conical region which extends to near the canopy inlet. It is expected
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Table 3. Phase Il Test Schedule Summary
Configuration Max, Dia. Mach No. x/d
(in.)
C-6a (1) 8 2.3 -4,0 - 10
C-6b (1) 8 2,75 - 3,75 - 10
C-9 (111) 8 3.0 -3,75 4 -10
C-3b(1V) 8 3,0 ~-3,75 - 10
C-6b (V) 6 2.5 - 4,65 - 13
C-7a(VI) 6 2.3 - 4,65 - 13
CR-2a (VII) 6 2,3 -3,75 - 13
C-b6a (VIII) 8 2.5 -3,75 - 9
CR-2b (IX) 8 3.75 - 12
Hemisflo (X) 8 2.3 -3.5 - 13
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that within this region an essentially constant pressure exists which satisfies
pressure boundary requirements across the normal portion of the shock on
the wake centerline, and on the diverging flow boundary.

It may be considered that the drag of the canopy under
these conditions is equivalent to the drag on a cone having the same half
angle as that represented by conical diverged flow region. In Fig. 8 is
shown the average conical shock wave angle as measured from Schlieren
photographs of Model VI tests. Also shown is the half-angle cone which
would produce the drag equivalent to that measured in the tests, and the
corresponding conical shock wave angles. Figure 8 represents a canopy
location of 7 forebody diameters, and Fig. 9 represents similar character-
istics at 9.5 forebody diameters aft of the forebody base,

That a stable flow condition may be maintained which sat-
isfies pressure boundary requirements will now be discussed. By the em-=~
ployment of the methods to determine wake flow characteristics described
earlier, pressure ratios across the normal portion of the canopy shock wave
on the wake centerline are determined for various %/d locations aft of the
forebody. Examples of these calculations are shown in Figs. 10 and 11,
Conical surface pressure coefficients for various cone half-angles at the
corresponding free stream Mach numbers are also shown.

The agreement of the above calculated data with the per-
formance of configuration VI is shown in Table 4 and illustrated in Figs. 10
and 11, Close agreement of the measured and calculated data is apparent.

During the conduct of the Phase II tests it was found that
the canopy location had a very marked effect on the performance of all con-
figurations tested, and optimum canopy locations appeared generally to be
6 to 8 calibers aft of the forebody. All canopy models exhibited markedly
increased stability, inflation, and drag characteristics at the close-in loca-
tions as compared to downstream positions, although no serious reduction
in performance occurred in the tested x/d range.

Upon examination of Figs. 10 and 11, it may be noted that
as x/d is increased, the cone angle for equilibrium conditions also in-
creases. Although the apparent deflection angles realized in the examined
cases are greater than those through an oblique shock, the high pressure
(near stagnation) existing within the canopy should cause the {low to deviate
further. It may be anticipated that there will be a limiting downstream can-
opy location for which stable flow conditions will prevail. This is based on
the assumption that the flow conditions described earlier are responsible for
the excellent canopy performance realized, particularly at low x/d canopy
positions.
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Table 4. Correlation of Calculated Shock Vertex Position and
Equilibrium Diverged Conical Region with Parachute
Drag Measurements for Model C-7a{VI)
Equilibrium Equivalent
Mach No, Shock Vertex Half Cone Angle Drag Half Cone Angle
(x/d) (deg) (deg)
2,75 7.0 28 -
3.0 7.2 28,4 28,2
3.2 7.0 28.0 28.2
3.5 7.3 27.7 28,0
3.75 7.3 27.2 29.3
4,00 7.1 26.5 27. 4
4,30 7.0 25.6 -
4,65 6.4 24.5 25.2
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{2) Parachute Stability

In general, the models tested in this program were highly
stable with respect to the point of suspension. A definite trend, however,
was noted in the stability of the canopy as a function of canopy location aft of
the forebody. The close-in, low x/d positions resulted in marked increases
in stability about the point of suspension, as compared to downstream loca-
tions, Oscillations about the point of suspension were of the order of 5 de-
grees or less at the low x/d positions.

(3) Parachute Inflation

Inflation characteristics were, in general, good, In parti-
cular, the 6 inch maximum diameter models were outstanding, In Fig, 12
are shown typical Schlieren photographs of Test Model VI at various Mach
numbers. Average inflated diameter to constructed diameter ratios for
Phase II configurations generally ranged from 0.8 to 1.05, Average inflated
to constructed diameter ratios of the 6 inch diameter models in most cases
were greater than those for the 8 inch models. One model (VIl) maintained
inflated to constructed diameter ratios of 0.93 to 1.05 over the Mach number
range from 2.3 to 3,75,

4, Program Conclusions

The following specific conclusions were drawn during the conduct of
this program!:

(1) The use of proper canopy design geometry, coupled with appropri-
ate total porosity and porosity distribution, provides a parachute
configuration which operates satisfactorily in the high supersonic
speed ranges., Such canopies were found to suppress the unfavor-
able characteristicas associated with the operation of conventional
parachutes in the high Mach number environments.

(2) The use of a relatively low total canopy porosity distributed so as to
provide a low inlet region porosity leads to both high stability and
high inflation characteristics in the Hyperflo configurations.

(3) Observation of these canopies under subsonic conditions during wind
tunnel shutdown has indicated excellent inflation and stability char-
acteristics. It is therefore felt that successful operation of the high
speed canopies will be assured with perhaps minor variation of the
design parameters for subsonic speed applications.

(4) Although relatively low total porosities were used in the design of
the test models as compared to previously applied (conventional)

sl st
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Fig. 12. Schlieren Photographs of Phase 1I Model C-7a(VI)
at Several Mach Numbers. Film Speed: 1000 fps
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parachute designs, wide ranges of porosity were used with success-
ful results.

The canopy location aft of the forebody appeared to affect signifi-
cantly the performance of all configurations in the high speed
ranges. The most favorable location appeared to be in the closge-in
or lew x/d positions, This should result in a significant reduction in
the over-all parachute system weight, since the riser length will be
rninimized. The weight of a parachute riser frequently represents a
large percentage of the total parachute system weight,

The effect of diameter ratio of the canopy to that of the forebody
was not clearly established, although there were indications of a
slight reduction in canopy performance at a ratio of 3.33 as com-
pared to a ratio of 2.5.

The effects of dynamic pressure on canopy performance are not
definitely established, although some data gathered in this program
appear to indicate high drag coefficients with low dynamic pressure,
The effects of dynamic pressure or of Reynolds number were not
investigated sufficiently in this program to establish a definite cor-
reclation with canopy performance.

Several roof designs were employed in the models tested in this
program. No significant effect on canopy performance could be
attributed to the roof design variation. All canopies which were
constructed using the basic Hyperflo design geometry performed in
a comparable manner when designed with equivalent total porosi-
ties. This provides a wide latitude of techniques to be used in the
fabrication of full scale canopies,

In the determination of satisfactory parachute canopy designs for
high supersonic speed applications, the drag efficiency (ratio of
gross surface area to projected frontal area) did not deteriorate.
In fact, the efficiency of the Hyperflo configuration is significantly
higher than those for previously employed designs.

The over -all test series conducted in this program indicated no
appreciable Mach number sensitivity of the Hyperflo canopies to a
Mach number of 4.65. Subsequent tests with models fabricated
according to specifications determined in this program extended the
range to a Mach number of 6 with similar satisfactory results.

B S S W I
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5. Current Status of the Hyperflo Parachute

Subsequent to the analytical and experimental development program
described above, several additional test programs have been implemented to
explore and extend the potentialities of the Hyperflo parachute. The first of
these was an in-house wind tunnel program conducted by the Retardation and
Recovery Branch, Flight Accessories Laboratory, Aeronautical Systems
Division, AFSC, USAF. In this program wind tunnel testing was extended to
Mach number 6.0, the maximum limit of the particular tunnel used. Results
were similar to those previously described; excellent inflation and stability
characteristics were obtained.

Under contract to the above Agency, the Tech-Center Division of
Cook Electric Company has carried out full-scale testing of Hyperflo para-
chutes in two separate programs. In the first of these the Tomahawk rocket
sled has been used to test the Hyperflo under subsonic and transonic condi-
tions at near sea level conditions so that high dynamic pressures and loads
were developed. Tests were conducted up to Mach number 1.5 and a dy-
namic pressure of about 2900 psf. Very satisfactory parachute performance
was demonstrated.

Currently nearing completion is the second program which uses the
CREE missile system for free-flight testing of the Hyperflo. Test condi-
tions include Mach numbers up to 4. 0 and altitudes to 130,000 ft. Again the
agreement between free-flight tests and wind tunnel tests is remarkably
good.

The first project involving actual operational use of the Hyperflo
parachute recently has been initiated. Continued use of the Hyperflo for
deceleration and stabilization in the supersonic and hypersonic regimes
may be expected due to a parachute's inherent advantages of self-inflation
and minimum weight and volume for a given drag area.
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A RECOVERY SYSTEM FOR A CONTROLLED DESCENT
THROUGH THE MARTIAN ATMOSPHERE*

R. D. Turner

Cook Electric Company
Tech-Center Division
Aerospace Technology Section
Mozrton Grove, Illinois

ABSTRACT

This paper presents a summary of a parametric investigation of a parachute
recovery system for a Mars entry vehicle, The parameters which were in-
vestigated were entry vehicle velocity, entry angle, estimated atmospheric
variations as of mid 1962 and parachute system weight. The primary ob-
jectives of this study were to determine if a parachute decelerator system
could provide a minimum of four minutes time of descent under the most
severe entry conditions and to determine the minimum altitude at which de-
ployment would take place if the first objective, i.e.,, four minute time of
descent, was achieved.

The analysis performed in connection with this study has shown that under
the most severe expected entry conditions a four minute time of descent can-
not be achieved utilizing conventional state-of-the-art parachute designs.

To achieve this desired descent time with a reasonable parachute system
weight requires that the first stage parachute be deployed at a Mach number
of approximately 3. Based on the advent of the Hyperflo parachute which is
presently being developed by Cook Electric Company, under the auspices of
the Flight Accessories Laboratory, Aeronautical Systems Division, USAF,
this first stage deployment Mach number is considered practical for recov-
ery applications in late 1963 and 1964,

It has been concluded that a three stage parachute system with the first stage
deployed at a maximum dynamic pressure of 500 psf and weighing approxi-
mately 17 pounds would provide a minimum weight decelerator system. The
weight of the entire recovery system which includes the 17 pounds for para-
chutes and associated equipment is estimated to be 28.2 pounds for a 200
pound entry vehicle.

*This work was performed for the Jet Propulsion Laboratory, California
Institute of Technology, sponsored by the National Aeronautics and Space
Administration, under Contract NAS 7-100,
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A RECOVERY SYSTEM FOR A CONTROLLED DESCENT
THROUCH THE MARTIAN ATMOSPHERE

R. D. Turner
Cook Electric Company
Tech-Center Division
Aerospace Technology Section
Mozrton Grove, lllinois

INTRODUCTION

The advent of propulsion systems capable of propelling a payload to a
distant planet has spurred industry to investigate the problems associated
with landing a payload under controlled conditiona. Many problems asso-~
ciated with this type of mission arise as a result of the unknowns associated
with the constituents of the atmosphere, the long space flight at near vacuum
conditions and the variable entry conditions which will be due to the long
space flight.

This study has been performed to determine the effects of these vari-
ables as they affect a recovery system operation, Included in this study are
design constraints for which an optimized recovery system was defined.

PROGRAM OBJECTIVES AND DESIGN CONSTRAINTS

The objectives which have guided the study are as follows:

(1) Maximum parachute descent time

(2) Maximum deployment altitude consistent with descent time

(3) Minimum parachute oscillation

(4) Minimum weight

(5) Minimum impact velocity.

To start the analysis, it was necessary to specify an atmospheric den-
sity profile and entry angle. The choices made for these two parameters
were atmosphere B (Figs. 1 and 2) and 90 degrees, respectively. These
parameters were chosen since atmosphere B represents a mean density and
temperature variation and a 90 degree entry imposes the most severe re-
quirement in terms of obtaining the highest decelerator deployment altitude

and maximum time of descent. For this study, the entry vehicle weight used
was 200 lb and the recoverable capsule weight was 120 1b,
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Throughout this paper, the weights quoted for the entry vehicle and
parachute systems are in Earth pounds. This procedure was utilized to
avoid confusion since for the different Mars atmospheres different accelera-
tions of gravity were considered, hence, different effective weights were
used in computer calculations. The magnitude of this variation for the dif-
ferent atmospheres {A through F, Figs. land 2)is 11.8 to 12.8 ft/sec?.

To determine the maximum parachute deployment altitude, deployment
Mach numbers were chosen as 2, 3, and 4. The choice of these Mach num-
bers is predicated on the present state of the art and recent studies coupled
with wind tunnel tests which suggest an extension of the state of the art in
the near future.

The Mach number of 2 is accepted throughout the industry (1) as an
approximate limit to present supersonic application for what is commonly
referred to as conventional parachutes, i,e., conicals, Equiflo, and Hemis-
flo, the latter two being Cook Research Laboratory designs., These designs
were tested by Cook Research Laboratories and were found to be effective in
the low supersonic speed range, but exhibited erratic tendencies at high
supersonic Mach numbers. The Hyperflo (Fig. 3) which has recently evolved
from a study program performed by these Laboratories, suggests that re-
liable parachute operation above a Mach number of 2 is feasible. Wind
tunnel tests conducted by Cook over a Mach number range of 1.5 to 4.65
show satisfactory operation of the Hyperflo throughout this Mach number
range. A program conducted by an Air Force agency from Mach 4 to 6 shows
the same results. Based on these results and a free-flight test program
which is currently in progress to validate wind tunnel tests of the Hyperflo
configuration up to Mach numbers of 4 and altitudes up to 200, 000 ¢, the
deployment conditions of Mach 2, 3 and 4 are considered within the range of
practical limits for obtaining maximum descent time.

Operation of the terminal descent parachute has been restricted some-
what arbitrarily to a maximum Mach number of 0.9. This restriction is
based on obtaining maximum reliability and maintaining a minimum weight
system since deployment of a large terminal descent parachute is not ad-
visable above a Mach number of 1.0.

SELECTION OF POTENTIAL PARACHUTES

It was the object of this study to select a parachute system such that the
maximum drag area (consistent with prescribed g limitations) was deployed
at any given time, hence producing the greatest descent time for the recov-
erable package. To optimize such a system, i.c., provide minimum
weight, consideration had to be given to the types of parachutes to be used.
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Hyperflo Parachute Tested in the CREE Program at a Mach Number

of 2.8 at 103, 000 ft

Fig. 3.
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Based on evaluation of empirical data and past experience, the solid
flat, extended skirt, and the slotted type parachutes are suitable for the
subsonic stages.

Although the solid flat configuration yields the most drag per pound of
parachute, oscillations of greater than %20 deg can be expected. The slotted
type canopies have stability of £7 deg which is well within the required limits
of #10 deg. However, these canopies are not best suited for a high drag and
low system weight since effective drag coefficients are low (0.55 to 0.75).

Extended skirt canopies have been designed to exhibit cscillation limits
of #5 deg and to have the quality of quick damping of any wind-shear-induced
oscillations. Under the light canopy loadings considered in this program,
the extended skirt canopy exhibits a drag coefficient of 0.9 based on total
geometric area.

Based upon the above analysis, the terminal descent parachute which
affords the best stability and maximum drag-to-weight ratio within the pre-
scribed stability limits is the extended skirt canopy. Therefore, for all
trajectory calculations, the extended skirt canopy has been utilized as the
final stage parachute.

For first stage supersonic application over the Mach numbers of inter -
est, the Hyperflo configuration is the only canopy shape which has shown
satisfactory test data performance. As discussed earlier, this configura-
tion is presenily undergoing free-flight test validation up to a Mach number
of 4, and based on wind tunnel results, shows very good stability character-
istics.

In addition to the free-flight tests, high speed sled tests are being con-
ducted with the Tomahawk sled. To date, five free-flight tests have been
performed over a Mach number range of 2.1 to 4 and altitudes varying from
85, 000 to 130, 000 ft. Augmenting these tests are six sled tests at dynamic
pressures of 2170 - 2890 psf (Mach 1.3 and 1.5, respectively). Results of
these tests confirm the optimism which was instilled as a result of the
wind tunnel program.

Preliminary data indicate drag coefficients of the order of 0.9 at sub-
sonic and transonic speeds. This value is reduced to approximately 0.6 at
Mach 2, at which point it is approximately constant to Mach 3. From 3 to .
the value reduces to approximately 0.45. From Mach 4 to 6 the drag co-
efficient appears to remain approximately constant, All the above coeffi-
cients are based on the projected frontal area.

Due to the performance requirements of the proposed recovery system,
the Hyperflo and extended skirt parachute canopies have been selected,
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respectively, as initial and final stage decelerators, using the reefed ex-
tended skirt canopy for any intermediate stage. The Hyperflo canopy is
intended for parachute deployment at supersonic velocities, whereas reefed
and fully inflated stages of the extended skirt canopy are intended for all
subsonic applications.

PARACHUTE SYSTEM SELECTION

Based on a review of parachute weight as a function of terminal velocity
and the use of the lightest Mil Spec cloth (1.1 oz/yd) for the terminal para-
chute, a range of practical last stage CpA's was obtained. Considering this
range in final descent parachute weight with a first stage parachute which
would produce the maximum allowable opening shock (130 earth g's) resulted ~
in a nominal parachute systom weight of 26 1b, The three deployment dynam-
ic pressures resulting from a uajectory computation for a 90 deg entry
angle, 21,730 fps entry velocity, 200 1lb entry vehicle weight and Mach num-
bers of 2, 3, and 4 are q = 277, q = 510 and q = 805 psf respectively. In
order to show effects of recovery system weight change upon descent time,
systems weighing approximately 17 1b and 11 1b were also selected for
analysis under the same deployment conditions. Table 1 gives the physical
characteristics of these systems.

Cursory consideration was also given to two single parachute systems to
be deployed at subsonic velocities and weighing 17 and 26 1b.

TRAJECTORY COMPUTATIONS

The results of computations showing the descent time vs parachute
weight for the initial conditions given below are given in Fig. 4.

VE = entry velocity at 800, 000 ft = 21,730 fps

Yo = initial flight path angle = 90 deg

g

1 initial entry weight = 200 1b (earth)

W, = final weight = 120 lb (earth)

7 SRS SR

B Atmosphere

Mach 2 deployment q = 277 psf

Mach 3 deployment q = 510 ps{

§

Mach 4 deployment q 805 psf
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For these calculations, the reefed second stage was deployed at Mach 0.9
and a dynamic pressure of 50 psf. This dynamic pressure limit is due to
parachute design restraints and closely corresponds to 0.9 Mach number for
the altitudes associated with a 90 deg entry angle. For the single parachute
systems, the dynamic pressure at deployment was 76,5 psf, All terminal
descent parachutes were disreefcd at a dynamic pressure of 5 psf.

From these analyses it is obvious that all of the systems analyzed easily
exceeded the four minute minimum time limitation as imposed by the con-
tract., It is also noteworthy that for a fixed deployment Mach number, the
variation in descent time with parachute weight is almost linear. However,
the slope {minutes per pound) increases with deployment Mach number for
the range considered. As would be expected, the single parachute system
provides significantly less descent time than do the two parachute systems
for a fixed nominal parachute total weight.

Figure 5 shows the effect of parachute weight and the first stage deploy-
ment dynamic pressure on the altitude where deployment of first stage, de-
ployment of second stage reefed, and second stage disreefed occur for the
atmosphere B calculations. These results indicate that the range of deploy-
ment altitudes for the two parachute system varies from 37, 000 to 49, 000 ft,
thc highest being the Mach 4 deployment and the lowest being the Mach 2
condition,

The loss in altitude from deployment of the first stage to disreefing of
the second parachute over the range of parachute weights considered for the
Mach 2 case is approximately 2,500 ft. For the Mach 3 case, the range is
larger and varies from 4, 000 [l for the 26 lb system to 7,000 ft for the 11 1b
system. For the Mach 4 system, the heavyweight system requires a mini-
mum altitude loss of 6, 000 ft whereas the lightweight system required
10, 000 ft of altitude. In all nominal parachute weight cases, the higher the
deployment Mach number the higher the altitude is at time of disreef for a
fixed weight parachute system.

The terminal, i.e., impact velocities, were 18.3, 23.1 and 28.3 for
the 26, 17, and 11 1b parachute systems, respectively., Itis therefore
obvious that the increase in descent time for a fixed Mach number of de-
ployment and varying parachute weight system is a function of both the al-
titude loss in deploying the final descent parachute and the terminal velocity
of the parachute. ¥or the systems considered, increasing parachute weight
has a favorable effect for both conditions.

Since these calculations show that all systems are feasible for this
atmosphiere's density variation, the most severe atmospheric environment
was then considered. It was found that the characteristics of atmosphere D
and a 90 deg entry impose the most severe requirements in terms of
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deploying a decelerator at the maximum altitude since for a given deployment
dynamic pressure this atmospheric variation produces the lowest altitude.

Using this atmospheric profile, it becomes obvious that a single para-
chute system is not satisfactory since impact occurs at a Mach number
slightly in excess of 0.90. This condition violates the restraint that a single
parachute not be deployed above a Mach number of 0.9. As a result of this
violation of restraint, further analysis using a single parachute for the re-
covery system was terminated,

Figure 6 shows the descent time for various deployment dynamic pres-
sures for atmosphere D. It should be noted that the deployment Mach number
of 2 was maintained for this series oi runs since conventional parachutes are
Mach number sensitive. The dynamic pressure (235 psf) for Mach number 2
in atmosphere D is less than that in B and hence does not impose a structural
problem. For the other cases, deployment dynamic pressure was approxi-
mately retained, i.e.,, 500 and 800 psf, since Hyperflo test data to date does
not indicate a Mach number sensitivity., To achieve maximum efficiency,
this parachute should be deployed at design dynamic pressure.

Results of these computations indicate that the 17 1b system is still
above the four minute limit in descent time although considerably reduced
from that obtained for the B atmosphere. For this series of runs, the
Mach 2, 500 psf and 800 psf dynamic pressure cases were run for the 17 1b
parachute system and 11 and 26 lb systems were calculated for the 500 psf
dynamic pressure. From these calculations and the almost linear relation-
ship again exhibited in the 500 psf deployment condition, estimated varia-
tions are shown in Fig, 6 for the Mach 2 and 800 psf dynamic pressure de-
ployment conditions. These variations were obtained by assuming that the
relationship among the approximate slopes of the Mach 2, 500 psf and
800 psf curves for atmosphere D would be the same as that shown in Fig. 4
for atmosphere B. Based upon these estimates, deployment at a Mach num-
ber of 2 with the 11 1b system closely approaches the 4 minute limit.

Figure 7 shows the effect of dynamic pressure on deployment altitude
for atmosphere B and D with a 17 lb nominal parachute system. From this
figure, it is seen that the deployment altitude variation for the two atmos-~
pheres is most adversely affected at the lowest dynamic pressure. Itis
also seen that thc first stage deployment altitude for atmosphere D varies
from 18, 000 ft to 39, 000 ft for the low and high dynamic pressure deploy-
ment conditions, respectively. This variation is for all nominal parachute
weight systems and is not applicable solely to the 17 1b system.

The results of this series of computations again show that all the sys-
tems considered fulfill the minimum time requirement; however, the Mach 2
or state-of-the-art case is closely approaching this limit for the low
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nominal parachute weight system,

To determine the minimum system capability, the most severe entry
condition was imposed. This condition, which is at variance with the initial
conditions as set forth previously, consists of an entry velocity of 37, 000 fps
at an altitude of 800, 000 ft, Figure 8 shows the results of calculations using
this entry velocity with a 90 deg entry angle.

For this series of runs, calculations were performed for all three nom-
inal parachute weights at deployment conditions of 500 and 800 psf dynamic
pressure. Only the 17 1b parachute system was investigated for the Mach 2
condition. The expected variation shown for the Mach 2 condition was ob-
tained in the same manner as discussed previously for the D atmosphere
case and nominal entry velocity.

The results of thess calculatione clearly show that a Mach 2 deployment
is unsatisfactory in obtaining the desired four minute terminal descent time.

It is also evident that an 11 1b system does not fulfill the time require-
ment for all deployment dynamic pressure less than or equal to 800 psf.
For the nominal 17 lb system and a deployment dynamic pressure of 500 psf,
a descent time of approximately 3.7 minutes is achieved, and as a result, is
considered worthy of additional investigation since it represents a near
borderline condition for the worst possible initial entry conditions and re-
quires the minimum extension to the present state of the art.

For the trajectory calculations performed, estimates have been made of
the magnitude of the aerodynamic heating which the parachutes will en-
counter., For these calculations the reference temperature used for the
parachute was 160°F, This temperature was chosen since it represents the
extreme limit which will be encountered in space flight, Figure 9 shows the
time the recovery temperature, assumed to be T [l + (Y -1)/2 (0.9) Mz] ,
is above 160°F vs the recovery temperature at time of deployment for the
nominal lightweight entry vehicle. Both of the cases shown are for an entry
velocity of 21, 730 fps since it was found that the higher entry velocities in
D atmosphere produced lower maximum deployment recovery temperatures.
This condition prevailed since for a fixed deployment dynamic pressure, the
Mach number at deployment for the higher entry velocities was lower be-
cause the deployment altitude was lower.

From these calculations, it has been determined that the maximum re-
covery temperature is approximately 1300°F for the 800 psf deployment con-
dition. Using a cold wall method for computing the stagnation heat input
results in a maximum integrated heat input of 2,56 BTU per square foot.
Assuming a representative nylon tape which has adequate strength for the
roof of the canopy, 3/4 in. MIL-T-5038 results in a temperature rise of




279

S — e — -

sdy 000°L€ 5O 4312019 Arjug we pue ‘sseydsouny ,d.
‘ar8uy Aajuy 89 0¢ € I0J 1GTTOM dImMydeIRd [EUIWION SA dWIL], Juddsaq ‘g *Stg

SNUTW - SwIL], Juadsaqg

8 L 9 S b £ Z
|
_
mE
2
LY
1B
: e
BLE
=
m
4 °
| \_\ | \\ \\
' ! /
——JaSd 008 = L . I b\ o
4 /
" | 4Sd 00§ = b— \ [ uorgerIEs
\ v{ | \\\ [ paidadxy
|
p. / | ,
< I e Aﬁ%ﬁ:,
H | |

o1

ST

02

T4

spunod ~ 1yStap dInydeaed [BUTWON



280

1500 Nominal 26 Pound System
et e . NOminal 17 Pound System
1400 =—=e = = == Nominal 11 Pound System
1300 L
Deployment Conditions
1200 A - 800 PSF

0. - 500 PSF /
X - Mach=2,0

o
]
[\
4
@ 1100 »
A /
l 1000 T"At‘moaphare "“B" /
F AN 1
g 900 h\\ //
é 800 | /
2 / 7
5 100 A 7. 4 N
o
& 600 ) N e
§ VRV '
] A / // N— Atmosphere "D
> 500 H— - Vg = 21,730 FPS
o 400 AL,
© 7y
P ;!n o

voo LA/ A

7
4%
a
200
b 4
100
0
0 4 -8 1.2 1.6 Z.0

Time TR ls Above 160°F ~ Seconds

Fig. 9. Recovery Temperature at Time of First Stage Deployment
vs Time TR Is Above 160°F for Atmospheres ""B'" and "D"




281

96°F or a final maximum temperature of 256°F. It should be emphasized
that theoretical procedures available to calculate the aerodynamic heating
encountered by a parachute have not been verified by test data; hence, the
results of the above calculations at best can be considered as estimates.
Tests have been performed-at elevated Mach numbers with conventional
parachutes. The effect of aerodynamic heating for these tests is not readily
distinguishable since these parachutes exhibited violent oscillations and
abrasion of the material precluded accurate analysis of the results. A test
has been performed for a Mach number of 2. 45 at an altitude of 60, 000 ft
where no visible damage occurred.

To finalize the descent time history information, computations were
made for the 200 1b entry vehicle, nominal entry velocity, B atmosphere,
17 1b parachute system, and entry angles of 20, 45 and 70 deg. To perform
these computations, constraints were imposed on the deployment timing
based on the resulls vbilained from the 30 deg entry computations and a
knowledge of the potential problem areas associated with shallow entry
angles.

The constraints chosen for this series of computations were as follows:
{1) The recovery temperature at deployment must not exceed 700°F.

(2) The deployment of first stage must be at a dynamic pressure not
exceeding 500 psf.

{3) The first stage is released at a dynamic pressure of 50 pef provid-
ing the Mach number is less than or equal to 0.9.

(4) The second stage is disreefed 7 seconds after its deployment.

The first constraint is consistent with the maximum first stage deploy-
ment recovery temperature encountered for a 500 psf deployment on a 90 deg
entry in D atmosphere. The second constraint is inherent in the first stage
parachute structural design. The third constraint allows for the deviation in
entry angle and atmosphere properties, that is, rate of change in density
with time of flight and variation in the local speed of sound and atmospheric
pressure. This constraint insures that two requirements will be satisfied.
The first is that the parachute must be deployed at subsonic speeds and the
second is that the opening loads must be within design tolerance. For the
nominal 17 lb system deployed at a dynamic pressure of 500 psf, the time
between first stage deployment and release of the second stage varies from
2,02 to 2.65 seconds for all 90 deg computations previously performed.

The fourth constraint was based on 90 deg entry angle computations where it
was found that the time to decelerate from a Mach number of 0.9 to q = 5 psf
varied from 6 to 7 seconds.
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Figure 10 shows the results of the entry angle computations for descent
time using the above constraints for deployment conditions. As would be
expected, decreasing the entry angle significantly increases the descent
time. For the 20 deg entry angle, the descent time is more than double that
obtained for a 90 deg entry, Figure 1l shows the effect of deployment alti-
tudes as a function of entry angle. It is seen from this figure that for the
20 deg entry angle, deployment of the final stage is above 100, 000 ft,

The effect of constraint number 3 was quite pronounced in these calcula-
tions. The delay time in releasing the first stage varied from 2. 02 seconds
for the 90 deg case to 10.6 seconds for the 20 deg entry angle. The major
factors contributing to this change in release time were the high deployment
Mach number, the low dynamic pressure associated with a recovery temper-
ature of 700°F, and the low dynamic pressure associated with a Mach number
of 0. 9.

SELECTION OF DEPLOYMENT CONDITION
AND NOMINAL PARACHUTE SYSTEM WEIGHT

Based upon the trajectory analysis performed, the following considera-
tions have led to the selection of a parachute system. The factors which
have influenced the system choice are maximum reliability, maximum time
of descent, and minimum weight.

From the analysis performed, it is estimated that the 800 psf dynamic
pressure deployment condition closely borders the limit of acceptable toler-
ances for nylon due to aerodynamic heating. This condition also extends the
state of the art in parachute operation to its highest value, and due to sens-
ing tolerances, may result in deployment Mach numbers which will not be
validated by free-flight tests until approximately early 1964, An additional
problem associated with this deployment condition is the rise in drag coef-
ficient as obtained from wind tunnel tests in the range of Mach 4 to 3. The
rise in drag becomes significant if deployment takes place at a lower Mach
number than the nominal 4 at the design dynamic pressure, since parachute
load limits would be exceeded. As a result of these problems, it is not de-
girable to deploy at this condition unless descent time requirements specifi-
cally dictate its use without regard to the possible reduction in reliability.

The 500 psf deployment condition appears to be the most promising.
Parachute performance at the Mach numbers expected to be encountered will
be flight validated by mid 1963 on the CREE parachute test vehicle. The
computed heat inputs resulting from the 30 deg entry angle trajectory analy-
sis indicate the maximum fabric temperature to be below 180°F and on the
20 deg entry case to be below 210°F. All of these characteristics coupled
with the almost constant drag coefficient for Mach numbers between 3 and 2
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indicate favorable characteristics with respect to loading conditions and
number of tests required to prove flight reliability.

The Mach 2 deployment condition is obviously not satisfactory since
under the most favorable loading condition (130 g's) for obtaining maximum
time of descent it does not fulfill the minimum time requirement,

From the above discussion it is concluded that the 500 psf deployment
environment requires the least extension to the state of the art and hence
suggests the highest reliability with a minimum amount of proof testing.
Based upon obtaining a system with the maximum reliability for the early
flights, where only estimates can be made of the environmental parameters,
it is suggested that the first stage be deployed at a dynamic pressure of
500 psf. The parachute system weight becomes the remaining significant
parameter to be sel cted. The nominal 26 lb system introduces two prob-
lems. The most severe problem is that this system subjects the vehicle to
the maximum loading condition. Hence, the sensing system requirements
must be extremely stringent and possess tolerances in a direction which will
only reduce the design load. The second problem, which is not as crucial
but still significant, is the sizeable weight increase over the nominal 17 1b
system.

Due to the weight savings and increased over-all flexibility of the nomi-
nal 17 1b system over the nominal 26 1b system, the 17 1b system is rec-
ommended. This system fulfills the four minute descent time requirement
for all entry velocities less than 36, 000 fps for all entry angles. At
37, 000 fps entry velocity and 90 deg entry angle, it fulfills the four minute
descent time for all entry vehicle weights less than 197 1b. The small region
where the 17 lb system does not fulfill the desired descent time on the most
severe entry condition is not considered significant enough to exclude its
selection.

SENSING REQUIREMENTS
FOR THE NOMINAL 17 LB PARACHUTE SYSTEM

To determine the requirements for the sensing system, it was first
necessary to define an optimum sensing system. The parameters which are
known to influence the deployment conditions are:

(1) Allcwable deceleration

(2) Aerodynamic and structural limit of parachutes

(3) Temperature capability of parachutes.
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Based on fulfilling the above criteria, an optimum sensing system was de-
fined as a system which would provide the maximum descent time independ-
ent of the entry parameters which might be encountered on a flight to Mars.
To obtain a description of a system that would provide a maximum time of
descent, the following constraints have been imposed on the deployment en-
vironment. The constraints are considered to be sequenced as in a series
circuit, i.e., the first constraint must be met prior to the second being
allowed to function.

First Stage

(1)
%%>o

(2) Dynamic pressure q s 500 psf
(3) Recovery temperature TR < 700°F

Second Stage - Reefed

Mach number must be legs than 0.9 and the dynamic
pressure be equal to or below 50 psf,

Third Sta ge

Deployed 7 seconds after second stage is deployed.

These constraints are based on limiting the parachute loads and aerodynamic
heating to safe limits for nylon materials.

Considering first the constraints which affect the first stage deployment,
it follows that the first constraint assures that deployment of the system oc-
curs after peak deceleration has been encountered and hence assures that
peak heating has passed. The second constraint limits the opening shock
load to the design values for the onboard instrumentation and recovery sys-
tem. The thicd constraint (and the one hardest to fulfill) assures that the
Mach number at deployment is within bounds and that the aerodynamic heat-
ing will not produce material temperatures which will result in failures
under the initial loading condition,

To measure the three limiting constraints mentioned previously re-
quires instrumentation components which are not standard purchase items.
The first constraint requires, for example, an electrical device which will
sense that maximum deceleration has occurred independent of the absolute
magnitude of the peak deceleration. This device must have a sufficiently
low response rate that it will not be triggered by variations in angle of
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attack while the vehicle deceleration is increasing, A cursory examination
of these requirements indicates that two methods may be used to perform
this function, The first method is to measure the vehicle deceleration and
gsense when it passes through a specified g level when g's are increasing,
and when it passes through the same g level when g's are decreasing. This
method has been utilized by this company for nose cone recovery and is
considered reliable when the g level at which deployment is to be initiated
is well below the value measured by the triggering device. From the tra-
jectories analyzed, it appears that for 20 deg entry angles in atmosphere,
A, B, and F the peak dynamic pressure encountered is quite close to

500 psf. Should minimum expected entry angles be less than 20 deg, maxi-
mum time of descent would not be obtained using this system if a 90 deg en-
try angle actually was experienced. If it were certain that a shallow entry
angle would be encountered, it would be possible to set the g value for less
than the 500 psf condition since under these conditions the calculations per-
formed indicate that the recovery temperaturc limits the deployment rathesx
than the dynamic pressure.

A second approach to this problem is the development of a meter which
will measure the rate of change of acceleration with time. This device
would eliminate the problem discussed above, i.e., sensing an absolute
value; however, a cursory examination of present standard equipment indi-
cates that no device will cover the extreme ranges in deceleration which will
result from the large variations in possible entry angles, entry velocities,
and atmospheric variations, Hence, if the first approach is not acceptable
due to possible deviations in entry angle, a '"jerk meter'' would have to be
developed.

The second constraint is easily satisfied by use of an accelerometer.
Examination of the drag area variation for the 200 lb entry vehicle shows
a maximum spread of less than 7 percent for a Mach number range of 2.8 to
4.8. Based upon this small variation in drag area and the relationship be-
tween drag area, dynamic pressure, and deceleration the deployment dy-
namic pressure can be held within £3.5 percent, or approximately 20 psf.
This is well within required limits., The required accelerometers (to the
best of our knowledge) have not been investigated under hard vacuum and
sterilization requirements, however.

Fulfillment of the third constraint is the most difficult, This con-
straint, however, is of prime importance since without it being fulfilled,
deployment could occur at 2 Mach number in excess of 11 for a 20 deg entry
angle. This Mach number is after peak deceleration and at a dynamic pres-
sure of 500 psf; however, the recovery temperatures and ensuing total heat
inputs would be considerably in excess of those allowable for nylon para-
chutes.
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It should be emphasized that in optimizing time of descent it is not pos-
sible to fix the Mach number at deployment since different atmospheres and
entry angles provide different maximum Mach numbers for which acceptable
environmental conditions prevail. If the Mach number for deployment is
fixed it can be shown that a loss in descent time would result for some entry
conditions., As a result, the parameter which most closely predicts the
extremes in acceptable environmental conditions is the total heat input.

This parameter has been found to be controlled reasonably well by restrict-
ing the first stage deployment to a fixed recovery temperature as discussed
earlier. Unfortunately, recovery temperatures encountered during a hyper-
sonic entry are well above those thit existing temperature measuring devices
can sustain. The amount of ablation of the heat shield itself is not a direct
measure since varying entry angles and atmospheric variations will produce
varying degrees of ablation.

A second approach to this problem is to depley at a specific Mach num-
ber. As stated previously, this does not provide an optimum system, but
neither does it require the development of an exotic temperature measuring
device. The Mach number at deployment would be limited to approximately
3.0, since for different atmospheric and resulting static temperature varia-
tions this Mach number would limit the recovery temperature to a value less
than 700°F. A means by which Mach aumber could be sensed is by measur -
ing base pressure (Pp) and free stream static pressure. The static pres-
sure port could be located on the side of the entry body, for example, and a
correlation of surface pressure with static pressure would then be required
as a function of Mach number. Once these values are known, the value of
the ratio could be used to give the free stream Mach number,

Problem areas associated with this type of system are the sensing accu-
racies of absolute pressure transducers and the measuring of free stream
pressure at the high Mach numbers. The sensing errors would limit the
deployment altitude to pressure levels where accurate pressure ratios,
hence Mach number determination, could be made.

The second stage deployment in the reefed condition requires a Mach
number sensing device if wide ranges in entry angle are to be anticipated.
Based upon the trajectory analysis, it is expected that if the entry angle
could be held to a value greater than approximately 50 deg, a fixed time
delay could be used without sacrificing a large percentage of the terminal
descent time. If these conditions cannot be met, a pressure sensing device
must be installed to limit the deployment Mach number to a value less than
or equal to 0.9. Should the temperature sensing device be used for the first
stage sensor, deployment of the second stage would probably rely on sensing
Mach number by the ratio of static to total pressure. This method does not
present any significant problem areas since the total pressure probe would
be proteccted by the heat shield during the entry into the Mars atmosphere



289

and would be exposed when the heat shield is removed at the time of {irst
stage deployment. The use of these pressures provides the advantage that
higher absolute values would be obtained resulting in increasing the altitude
where accurate measurements could be easily made. If the pressure sens-
ing device for first stage is chosen, the same system would be used in a
two-fold purpose to trigger both first and second stages.

Third stage deployment or disreefing can be accomplished by a fixed
lime delay reefing cutter since the deployment requirement is dependent
only on limiting the deployment to a maximum dynamic pressure.

The results of this investigation of the sensing requirements show that
several methods can possibly be used to perform the desired function., The
type of system required is largely a function of the possible error in entry
angle predictions and the tolerable sacrifice in the potential deployment
altitude. These factors, coupled with the environmental conditions asso-
ciated with the sterilization process which the equipment must survive,
eliminates any accurate determination of specific measuring devices, To
perform this selection boundary conditions on both entry angle and maximum
and minimum entry velocities must be finalized. With this information, an
exhaustive error analysis coupled with further research on the problem must
be performed to enable the prediction of design criteria for the sensing sys-
tem.

SYSTEM SEQUENCING AND WEIGHT BREAKDOWN

The system deployment operation considered for this application is
shown in Fig. 12, The decelerator system deployment sequence is initiated
by mortaring off the rear cover. This cover then extracts the first stage
parachute. Itis anticipated that at the time the first stage is deployed the
heat shield would be free and hence separated from the recoverable vehicle
once sizeable drag loads are encountered.

Release of the first stage would be accomplished by a pyrotechnic re-
lease which would allow the first stage to extract the main stage. The main
stage would incorporate standard time delay reefing cutters which would be
actuated by lanyards at time of deployment, Based on preliminary estimates
of the system components, it is expected the total recovery system weight
would be approximately 28 lb for the nominal 17 1b parachute system.

SUMMARY

A parametric investigation with 3 nominal parachute system weights has
been performed. The parameters which received the most attention were
atmospheric density profile, entry angle, and entry velocity, It is concluded
that to fulfill a four minute time of descent requirement for the expected
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entry velocities, and a 90 deg entry angle, present state-of -the-art para-
chutes are impractical due to a weight consideration. Due to the favorable
test results obtained with the Hyperflo parachute configuration to date, this
conclusion does not appear to produce a serious problem. It is anticipated
however, that the major problem associated with such a mission is the
sterilization and hard vacuum environment sensing devices and parachute
fabrics must survive. This problem arez requires further investigation
prior to obtaining a final system design.
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PARAGLIDER BOOSTER RECOVERY SYSTEMS
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ABSTRACT

The study of techniques for the recovery of boosters is rapidly
gaining increased attention as the pace of space exploration gains
momentum. The oOperational requirements for recovery systems are
discussed and the merothermodynamic and structural characteristics
for a family of parsglider recovery systems are presented. Re-
entry equilibrium stagnation temperatures are typically below
500°F, permitting the use of low-cost, low-temperature materials
of construction. Inflatable and erectable configurations, as well
as various control schemes, are also discussed. Weight estimaies
for the complete recovery systems range from 5% to0 12¢ of the pay-
load welght, as a function of burnout velocity and re-entry heat=-
ing and pulle-out accelerations.

The work described in this paper was company-sponsored.




294
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INTRODUCTION

The development of an efficient and successful recovery system for aero-
ballistic devices and orbital spacecraft demands the serious attention of the
aerospace industry. The relisble reanvery nf man from space missions is 2 uni-
versally accepted requirement, while unmanned systems are considered as experi-
ments and expendable. While this legic has probably been valid for most of the
relatively rudimentary experiments conducted so far, the imminent transition to
the operational phase of the exploration of space, with the launching of an ever
increasing number and complexity of systems, demands that recovery of these sys-
tems be